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Abstract 

We study primary and secondary invariants of leafwise Dirac operators on foliated bundles. Given 
such an operator, we begin by considering the associated regular self-adjoint operator T>rn on the maxi- 
mal Connes-Skandalis Hilbert module and explain how the functional calculus of "Dm encodes both the 
leafwise calculus and the monodromy calculus in the corresponding von Neumann algebras. When the fo- 
liation is endowed with a holonomy invariant transverse measure, we explain the compatibility of various 
traces and determinants. We extend Atiyah's index theorem on Galois coverings to these foliations. We 
define a foliated rho-invariant and investigate its stability properties for the signature operator. Finally, 
we establish the foliated homotopy invariance of such a signature rho-invariant under a Baum-Connes 
assumption, thus extending to the foliated context results proved by Neumann, Mathai, Weinberger and 
Keswani on Galois coverings. 
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Introduction and main results 

The Atiyah-Singer index theorem on closed compact manifolds is regarded nowadays as a classic result in 
mathematics. The original result has branched into several directions, producing new ideas and new results. 
One of these directions consists in considering elliptic differential operators on the following hierarchy of 
geometric structures: 

• fibrations and operators that are elliptic in the fiber directions; for example, a product fibration 
M X T ^ T and a family {Dg)0,=T of elliptic operators on M parametrized by T; 

• Galois F-coverings and F-equivariant elliptic operators; 

• measured foliations and operators that are elliptic along the leaves; 

• general foliations and, again, operators that are elliptic along the leaves. 

One pivotal example, going through all these situations, is the one of foliated bundles. Let T ^ M ^ M 
be a Galois F-cover of a smooth compact manifold M, let T be a compact manifold on which F acts by 
diffeomorphism. We can consider the diagonal action of F on M x T and the quotient space V := M Xr T , 
which is a compact manifold, a bundle over M and carries a foliation T. This foliation is obtained by 
considering the images of the fibers of the trivial fibration M x T ^ T under the quotient map M x T 
MxtT and is known as a foliated bundle. More generally, we could allow T to be a compact topological space 
with an action of F by homeomorphisms, obtaining what is usually called a foliated space or a lamination. 
We then consider a family of elliptic differential operators {Dg)g^T on the product fibration M x T T 
and we assume that it is F-equivariant; it therefore yields a leafwise differential operator D = {D l) l&v / F 
on V, which is elliptic along the leaves of T. Notice that, if dimT > and F = {1} then we are in the 
family situation; if dimT = and F ^ {1}, then we are in the covering situation; if dimT > 0, F 7^ {1} and 
T admits a F-invariant Borel measure then we are in the measured foliation situation and if dimT > 0, 
F 7^ {1} then we are dealing with a more general foliation. 

In the first three cases, there is first of all a numeric index: for families this is quite trivially the integral 
over T of the locally constant function that associates to 9 the index of Dg; for F-coverings we have the 
F-index of Atiyah and for measured foliations we have the measured index introduced by Connes. These last 
two examples involve the definition of a von Neumann algebra endowed with a suitable trace. More generally, 
and this applies also to general foliations, one can define higher indices, obtained by pairing the index class 
defined by an elliptic operator with suitable (higher) cyclic cocycles. In the case of foliated bundles there is 
a formula for these higher indices, due to Connes [|8| , and recently revisited by Gorokhovsky and Lott ||2^ 
using a generalization of the Bismut superconnection [l^ . Since our main focus here are numeric (versus 
higher) invariants, we go back to the case of measured foliated bundles, thus assuming that T admits a 
F-invariant measure v. 

The index is of course a global object, defined in terms of the kernel and cokernel of operators. However, 
one of its essential features is the possibility of localizing it near the diagonal using the remainders produced 
by a parametrix for D. On a closed compact manifold this crucial property is encoded in the so-called 
Atiyah-Bott formula: 

ind(T>) = Tr(i?^) - Tr(i?f ) , VA^ > 1 (1) 

if i?i = Id — DQ and i?o = Id — QD are the remainders of a parametrix Q. Similar results hold in the other 
two contexts: F-coverings and measured foliations. One important consequence of formula ([^) and of the 
analogous one on F-covcrings is Atiyah's index theorem on a F-covering M — > M, stating the equality of 
the index on M and the von Neumann F-index on M . Informally, the index upstairs is equal to the index 
downstairs. On a measured foliation, for example on a foliated bundle (M XyT,!F) associated to a F-space 
T endowed with a F-invariant measure v, we also have an index upstairs and an index downstairs, depending 
on whether we consider the F-equivariant family (-De)eGT or the longitudinal operator D = {D i) j^^y / jr] the 
analogue of formula allows to prove the equality of these two indices. (This phenomenon is well known 
to experts; we explain it in detail in Section 0.) 
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Now, despite its many geometric applications, the index remains a very coarse spectral invariant of the 
elliptic differential operator D, depending only on the spectrum near zero. Especially when considering 
geometric operators, such as Dirac-type operators, and related geometric questions involving, for example, 
the diffeomorphism type of manifolds or the moduli space of metric of positive scalar curvature, one is led 
to consider more involved spectral invariants. The eta invariant, introduced by Atiyah, Patodi and Singer 
on odd dimensional manifolds, is such an invariant. This invariant is highly non-local (in contrast to the 
index) and involves the whole spectrum of the operator. It is, however, too sophisticated: indeed, a small 
perturbation of the operator produces a variation of the corresponding eta invariant. In geometric questions 
one considers rather a more stable invariant, the rho invariant, typically a difference of eta invariants having 
the same local variation. The Cheeger-Gromov rho invariant on a Galois covering M ^ M of an odd 
dimensional manifold M is the most famous example; it is precisely defined as the difference of the F-eta 
invariant on A/, defined using the F-tracc of Atiyah, and of the Atiyah-Patodi-Singcr eta invariant of the 
base M. Notice that the analogous difference for the indices (in the even dimensional case) would be equal 
to zero because of Atiyah's index theorem on coverings; the Cheeger-Gromov rho invariant is thus a genuine 
secondary invariant. The Cheeger-Gromov rho invariant is usually defined for a Dirac-type operator D 
and we bound ourselves to this case from now on; we denote it by p^2){D)- Here are some of the stability 
properties of rho: 

• let (Af , g) be an oriented riemannian manifold and let D^^^^ be the signature operator on M associated 
to the F-invariant lift oi g to M : then p(2)(^'^'^") is metric independent and a diffeomorphism invariant 
of Af; 

• let Af be a spin manifold and assume that the space TZ^{M) of metrics with positive scalar curvature 
is non-empty. Let g G TZ^{M) and let Z)^p"^ be the spin Dirac operator associated to the F-invariant 
lift of g. Then the function TZ'^{M) B g ^ p(2)(f?gP'") is constant on the connected components of 
■R+iM) 

There are easy examples, involving lens spaces, showing that /9(-2) (-D^'^'^) is not a homotopy invariant and 
that TZ^{M) 9 g — > /3(2)(£>gP'") is not the constant function equal to zero. For purely geometric applications 



of these two results see, for example, |14 and |}44| . These two properties can be proved in general, regardless 
of the nature of the group F. However, when F is torsion-free, then the Cheeger-Gromov rho invariant enjoys 
particularly strong stability properties. Let F = 7ri(A/) and let M — > M be the universal cover. Then in a 
series of papers [gO|, Keswani. extending work of Neumann Mathai |Q and Weinberger 

establishes the following fascinating theorem: 

• if M is orientable, F is torsion free and the Baum-Connes map A'*(_BF) — > K^,{C*^^^r) is an isomor- 
phism, then (0(2) (I?'''^") is a homotopy invariant of M; 

• if M is in addition spin and n+{M) ^ then P(^2){Df''') = for any g e n+{M). 

(The second statement is not explicitly given in the work of Keswani but it follows from what he proves; for 
a different proof of Keswani's result sec the recent paper [^.) Informally: when F is torsion free and the 
maximal Baum-Connes map is an isomorphism, the Cheeger-Gromov rho invariant behaves like an index, 
i.e. like a primary invariant: more precisely, it is a homotopy invariant for the signature operator and it is 
equal to zero for the spin Dirac operator associated to a metric of positive scalar curvature. 

Let us now move on in the hierarchy of geometric structures and consider a foliated bundle {V := 
M Xr T,!F), with M ^ M the odd universal cover and T a compact F-space endowed with a F-invariant 
(probability) measure v. We are also given a F-equivariant family of Dirac-type operators D :~ {Dg)g£T on 
the product fibration M x T ^ T and let D = [D l) Lev / j= be the induced longitudinally elliptic operator 
on V . One is then led to the following natural questions: 

1. Can one define a foliated rho invariant p^{D\ V,J-)1 

2. What are its stabihty properties if £> = i)'''sn ^nd 1) = Z)"?'" ? 
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3. If r is torsion free and the maximal Baum-Connes map with coefficients 

KliET; C{T)) ^ K,{G{T) x„,ax T) 
is an isomorphism, is pu{V,T) := p^{D^^^^^; V^T) a fohated homotopy invariant ? 

The goal of this paper is to give an answer to these three questions. Along the way we shall present in a 
largely self-contained manner the main results in index theory and in the theory of eta invariants on foliated 
bundles. 

This work is organized as follows. In Section |l| we introduce the maximal C*-algebra Am associated to 
the F-space T or, more precisely, to the groupoid Q :— T ><i T . We endow this C*-algebra with two traces 
T^^g and r^^; denoting a F-invariant measure on T. We then define two von Neumann algebras Vl^reg(^)j 
W*^{G) with their respective traces; we define representations Am — > W*^g{G), Am l^av(^) ^^^d show 
compatibility of the traces involved. 

In Section ^ we move to foliated bundles, giving the definition, studying the structure of the leaves, 
introducing the monodromy groupoid G and the associated maximal C* -algebra Bm- We then introduce two 
von Neumann algebras, W*{G) and W*{V,!F), to be thought of as the one upstairs and the one downstairs 
respectively, with their respective traces. We introduce representations Bm W*{G), Bm W*{V,J^) 
and define two compatible traces, also denoted r^'^g and t^^, on the C*-algebra Bm- We then prove an 
explicit formula for these two traces on Bm- We end Section || with a proof of the Morita isomorphism 
Ko^Am) — Ko{Bm) and its compatibility with the morphisms 

induced by the two pairs of traces on Am and Bm respectively. 

In Section || we move to more analytic questions. We define a natural ^,„-Hilbert module with 
associated C* -algebra of compact operators JC^m (^m) isomorphic to Bm', we show how £m encodes both the 
L^-spaces of the fibers of the product fibration M x T T and the L^-spaces of the leaves of We then 
introduce a F-equivariant pseudodifferential calculus, showing in particular how 0-th order operators extend 
to bounded ^m-linear operators on £m and how negative order operators extend to compact operators. We 
then move to unbounded regular operators, for example operators defined by a F-equivariant Dirac family 
D := {Dg)g^T and study quite carefully the functional calculus associated to such an operator. We then treat 
Hilbert-Schmidt operators and trace class operators in our two von Neumann contexts and give sufficient 
conditions for an operator to be trace class. We study once again various compatibility issues (this material 
will be crucial later on). 

In Section W we introduce, in the even dimensional case, the two indices ind;;P(I)), ind;5°™(D) with 
D = (De)g^T and D := {DL)L£V/ri and show the equality 

ind7(^) = ind:!°™(i5) 

This is the analogue of Atiyah's index theorem on Galois coverings. We also introduce the relevant index 
class, in Ko{Bm), and show how the von Neumann indices can be recovered from it and the two morphisms, 

<,g^, : Ko{Bm) ^ C , C : A'o(S„) ^ C 

defined by the traces r^'^g : Bm C, r^^ : Bm C 

In Section ^ we introduce the two eta invariants ?7^p(£)), ?7down(^) and, finally, the foliated rho-invariant 
p,y{D;V, T) as the difference of the two. This answers the first question raised above. We end this section 
establishing an important link between the rho invariant and the determinant of certain paths. 
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In Section ^ we study the stability properties of the foHated rho invariant, showing in particular that for 
the signature operator it is metric independent and a foliated diffeomorphism invariant. This answers the 
second question raised above. 

Finally, in Sections |^, |^ and jo] we prove the foliated homotopy invariancc of the signature rho-invariant 
under a Baum-Connes assumption, following ideas of Keswani. In order to keep this paper in a reasonnable 
size, we establish this result under the additional assumption that the foliated homotopy equivalence is 
induced by an equivariant fiber homotopy equivalence of the fibration defining the foliated bundle (we call 
this foliated homotopy equivalences special). Thus, Section ^ contains preparatory material on determinants 
and Bott-periodicity; Section ^ gives a sketch of the proof of the homotopy invariance and Section |^ contains 
the details. With these three sections we give an answer, at least partially, to the third question raised 
above. Most of the material explained in the previous part of the paper goes into the rather complicated 
proof. Some of our results are also meant to clarify statements in the work of Keswani. 

Acknowledgements. We thank Paul Baum, James Heitsch, Steve Hurder, Yuri Kordyukov, Eric Leicht- 
nam, Hervc Oyono-Oyono, Ken Richardson, George Skandalis and Stephane Vassout for interesting discus- 
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valuable suggestions. Most of this reasearch was carried out while the first author was visiting Universita di 
Roma La Sapienza and while the second author was visiting Universitc de Metz. Financial support for these 
visits was provided by Universite de Metz, under the program professeurs invites, the CNR-CNRS bilateral 
project GENCO (Noncommutative Geometry) and the Ministero Istruzione Universita Ricerca, Italy, under 
the project Spazi di Moduli e Teorie di Lie. 



1 Group actions 

1.1 The discrete groupoid Q. 

Let r be a discrete group. Let T be a compact topological space on which the group F acts by homeo- 
morphisms on the left. We shall assume that T is endowed with a F-invariant Borel measure v] this is a 
non-trivial hypothesis. Thus (T, v) is a compact Borel measured space on which F acts by measure preserv- 
ing homeomorphisms. We shall assume that v \s a. probability measure. We consider the crossed product 
groupoid 5 := T X F; thus the set of arrows is T x F, the set of units is T, 

s{e, 7) = ^-^e and r(6l, 7) 9. 



The composition law is given by 

(7'0,7')°(^,7) = (7'^,7'7)- 

We denote by Ac the convolution ^-algebra of compactly supported continuous functions on Q and by L^{Q) 
the Banach *-algebra which is the completion of Ac with respect to the Banach norm || • ||i defined by 



l/lli := max{sup^ 1/(0, 7)1; sup ^ 1/(7-10,7-1)1} 



The convolution operation and the adjunction are fixed by the following formulae 

(/*S)(^,7)- E /(^>7i)s(7r'^,7rS) and /* (0, 7) = /(7-^^, 7"^) 

71 er 



For 6* e T we shall denote by T[e) the isotropy group of the point 9: T{9) := {7 G F | 76I = 61}. So, T{9) is a 
subgroup of F and the orbit of 9 under the action of F, denoted T9, can be identified with F/F(6'). Finally, 
we recaU that g'^ r-i(6') and that := s~^[9). 
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1.2 C*-algebras associated to the discrete groupoid Q. 

For any 9 E T, we define the regular ^-representation iTg'^^ of Ac in the Hilbert space ^^(r), viewed as £'^{Ge), 
by the foUowing formula 

7'er 

It is easy to check that this formula defines a ^-representation tt^^^ which is continuous. Moreover, we 
complete L^{G) with respect to the norm sup^g^^ ^^'^ obtain a C*-algebra Ar- The C*-algebra Ar 

is usually called the regular C*-algebra of the groupoid G, it will also be denoted with the symbols C*{G) 
or C(T) XI ^r. 

If we complete the Banach ^-algebra L^{G) with respect to all continuous *-representations, then we get 
the C* -algebra Am, usually called the maximal C* -algebra of the groupoid G- See for more details on 
these constructions. Other notations for Am are C*^{G) and C{T) xim T. 

By construction, any continuous ^-liomomorphism from L^{G) to a C*-algebra B yields a C*-algebra 
morphism from Am to B. In particular, the homomorphism tt'^s yields a C*-algebra morphism 

TT 8 . A m ^ Ar ■ 

1.3 von Neumann algebras associated to the discrete groupoid Q. 

At the level of measure theory, recall that we have fixed once for all a F-invariant borelian probability 
measure v on T. We associate with G two von Neumann algebras that will be important for our purpose. 

The first one is the regular von Neumann algebra W*^g(G)- It is the algebra L°°{T, B{£^T);i^f of 
F-equivariant essentially bounded families of bounded operators on l^T, so it acts on the Hilbert space 
L^{T X F,i/). An element T of W*^g{G) is thus (a class of) a familly {Tg)e^T of operators in ^^(F), which 
satisfies the following properties: 

• For any ^ <E L^{T xT) the map 9 t-^< Tg^g,S,e > is Borel measurable where Ceil) ■= C(^i7); 

• 9 i-^ \\Te\\ is j^-esscntially bounded on T; 

• For any 7 e F, we have T^g — jTg. 

Notice that if we denote by R* : i'^T the operator 

then := R* o T o for any T G i?(£^F). That W*^g{G) is a von Neumann algebra is clear since it is 

the commutant of a unitary group associated with the action of F. The ^-representation tt'^"^ is then valued 
in W*^g{G) as can be checked easily, and we have the ^-representation 

: A w:,^iG). 

This *-representation then extends to the maximal C* -algebra Am- 

The second von Neumann algebra that will be important for us will be called the average von Neumann 
algebra W*^{G) and we proceed now to define it. We set Go ■= (T x F)/ ~ where we identify (^,7) with 
{9,'ya) whenever a9 = 9. Then Go is Borel and an element T of W*^{G) is (a class of) a family {Tg)o^T of 
operators in £^(F6'), which satisfies the properties: 

• For any measurable (as a function on Go) i^-square integrable section ^ of the Borel field £^(F/F(6')) 
over r, the map 9 Tg£^g,S^g > is Borel measurable where ^^[7] := ^[0, 7] 

• 9 i-^ WTeW is i/-essentially bounded on T; 

• For any 7 € F, we have T-yg = jTg; 
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Here we denote by R* : £'^{r/r{e)) i'^{T /T{'ye)) the isomorphism given by {R*0[q] ■= ^["7], and 
jT := R* o T o R* Again W*^{G) is a von Neumann algebra; for more details on this constructions sec 
for instance ^ 

There is an interesting representation tt"-'" of L^{G) in W*^{G) defined as follows. Let / e Cc{G)', for any 
9 eT, we set 

yGr/r(e) [l3]=y 

Remark 1.1. If we identify T/T{6) with the orbit T6 then tt"" becomes 

K^fmm^ E E /(^',«)^(^") = E/(^''")^(""'^') 

e"ere a0"=e' asr 

Proposition 1.2. For an?/ / G L^{G) and any 9 E T, the operator 7r™(/) is bounded and the family 
^""^{f) = i^e^ {f))eiET defines a continuous ^-representation of L^{G) with values in W*^{G)- Hence, it"''" 
yields a * -representations of the maximal C* -algebra Am in W*^{G)- 

Proof If we set for any / e C,{G), fo{0, 6') := Ejo^e' 1(0', l), then for g e CdG) we have: 

{f*g)o{o,e') = E (/*.9)(^'-7) 

7.9=61' 

= E E/(^''7i).9(7r'e',7rS) 

= E E /(^',7i).9(e",72) 

= E /o(^",^')<?o(e,e") 
0"er.e 

= (/o*ffo)(e,e')- 

Since 7r°^(/) is simply convolution by the kernel /o, we deduce that tt is a representation of the convolution 
algebra Ac- Now, the kernel (/*)o is given by 

{r\{Q.&) = E 7(7~'^',7-')= E 7(^,") = ^(^- 

iB=e' ae'=e 
It remains to prove that tt"" is L^-continuous. But, we have: 

hTumi = E iE/(^''7)^(7"'^')i' 

e'ere 7er 

< E (Ei/(^''7)i)x (Ei/(^''7)M^(7"'^')i') 

e'ere 7er 7er 

< IL/lli E El/(^''7)M^(7"'^')I' 

e'er0 7er 

< ii/iiiE E ie(^^")n/(7e",7)i 

7er e"ere 

So, |k^n/)|| =sup,g^|l7rr(/)|| < □ 
We therefore deduce the existence of a *-homomorphism of C*-algebras: 

TT- : Am — W:^{G). 
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1.4 Traces 

For any non negative element T = {To)g^T of the von Neumann algebra W*^^{Q) (rcsp. W*^{Q)), we set 

T^(r) := / <Te{5,),6,>dv{e), 
Jt 

where in the regular case. S^, stands for the 5 function at the unit e of F, while in the second case it is the d 
function of the class [e] in F/F(6'). 

Proposition 1.3. The functional induces a faithful normal positive finite trace. 

Proof. Positivity is clear since T is non negative in the von Neumann algebra if and only if for i/-almost 
every 9 the operator Tg is non negative. If the non negative element T = {Te)e^T satisfies t'^{T) = then 

< Tg(Se),Se >= for z/-almost every 6. But, the F-equivariance of T implies that 

< T6i((5^), (5^ >= 0, V7 e F and u a.e. 

Therefore, Tg ~ for j/-almost every 6 and hence T = in W*^g{G). In the second case, the proof is similar 
again by F-equivariance and by replacing 6j by 6[-y]. 

If T(n) I r is an increasing sequence of non negative operators which converges in the von Neumann 
algebra to T, then for j/-almost every 6, the sequence T{n)g increases to Tg. But then since the state 

< ■{5e),5e > is normal, the conclusion follows by Beppo-Levi's property for v. 

If now T is in the von Neumann algebra W*^g{Q) then writing Tg as an infinite matrix in £^T and using 
the F equivariance we deduce that 

rpQL.j3 rpaj^f^J 

^-10 —-'-0 

If we now consider a second operator S in W*^^{Q), then we have 

{TgSgr"^ = Y.T0'' sr = E 

by the F-equivariance property. The F-invariance of measure i' can now be applied to yield that t'^(TS) = 
t'^{ST). a similar proof works for the von Neumann algebra W*^{Q). □ 

We define the functionals r^^g and r^^ on Ac by setting for f E Ac 

r^c.if)--^ I f{0.e)du{e), (2) 
Jt 



Cif) ■■= 



9er(e) 



diy{9). 



(3) 



Lemma 1.4. 



1. We have o tt^s = r^f^^ and t" o tt^^ = r^^. 



2. Hence, t^^^ and t^^ extend to finite traces on Ar and Am • 

Proof. The statement for the regular trace is classical and we thus omit the (easy) proof. We consider for 
any / G L^{G) the Borel family of operators {wg^ {f))g^T defined in the previous paragraph. 
For any f E Ac, denote as before by /o the function 



fo{0,9'):^ E /(^''^)- 
-10=0' 
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Then we know that 7T^^{f) is given as convolution with /q. If / £ then wc have, using the identification 
T/T{0) = T9: 



<7r^^f)6e,Sg>diy{9) = jh{e,d)dv(e) 

J2 .fiO,l)dm 

'er(( 

C(/)- 



'^7er(e) 



□ 



As a Corollary of the above Lemma notice that the traces t^^^ : Ar —>■ C and r^^ : Am ^ C induce group 
homomorphisms 

, : K„{Ar) ^ M , C . : A'o(An) ^ K (4) 



2 Foliated spaces 
2.1 Foliated spaces 

Let Af be a compact manifold without boundary and let F denote its fundamental group and M its universal 
cover. The group F acts by homemorphisms on the compact topological space T and hence acts on the right, 
freely and properly, on the space M x T by the formula 

(m, 6)j := (7717, -f^^O), {rh, 9) € M xT and 7 S F. 

The quotient space of M x T under this action is denoted by V . We assume as before the existence of a 
F-invariant probability measure v. If we want to be specific about the action of F on T we shall consider it 
as a homomorphism : F ^ IIomeo(T). We do not assume the action to be locally free [| . 

If p : RI X T ^ V is the natural projection then the leaves of a lamination on V are given by the 
projections Lg — p(Mg), where 9 runs through the compact space T, and 

Me := M x {9} . (5) 

It is easy to check that this is a lamination of V with smooth leaves and possibly complicated transverse 
structure according to the topology of T, see for instance [|ll[. By definition, it is easy to check that the 
leaf Lg coincides with the leaf Lgi if and only if 9' belongs to the orbit F6' of 9 under the action of F in T. 
We shall refer to this lamination by (V,^) and sometimes shall call it a foliated space or, more briefly, a 
foliation. If r{9) is the isotropy group of 6* G T then we see from the definition of Lg that Lg is diffeomorphic 
to the quotient manifold A//F(6') through the map Lg — ^ M/r{9) given by [rh' , 9'] [m'j], if 9' — 76*. Note 
however that Lg is also diffeomorphic to M /T{9') for any 9' G F^. Moreover the monodromy cover of a leaf 
L is obtained by choosing 9 £ T such that L ^ Lg and by using the composite map 

M^Mg-^ iMg)/ri9) ~Lg = L. 

which is a monodromy cover of L corresponding to 9. 

Notice that the set of 6* G T for which T{9) is non-trivial has in general positive measure. This is the 
case, for instance, when there exists a subgroup Fi of F whose action on T has the property that I'iT^^) > 0, 
where T^^ is the fixed-point subspace defined by Fi. In fact, one can construct simple examples where the 
measure of the set of 6' G T for which T{9) is non-trivial is any value in (0, 1). See Example p.2| for a specific 
situation. 



^Recall that an action is locally free if given 7 G F and open set U in T such that -^{0) = for any 8 £ U then 7 = 1. 
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Example 2.1. As an easy example where this situation oceurs naturally, consider any Galois covering 
M' of M with structure group T' such that tti(M') 7^ 1. Assume the existence of a locally free V -action 
^P' : r' ^ Homco(T) on T and let V he the resulting foliated space. Assume the existence of an invariant 
measure v on T. Since V is a quotient of T :~ Tri(M) we have a natural group homomorphism tt : T ^ V 
and thus an action ^ := ^' o n of T on T. By definition v is also T-invariant. The isotropy group of this 
action at G T is at least as big as the fundamental group of M' . Notice that one can show that 

[M X T)/r = (M' X T)/T' EE V 

Summarizing: V is a lamination where the set of leaves with non-trivial monodromy has measure equal to 
KT) = 1. 

Example 2.2. Take M to he any manifold whose fundamental group is a free product of copies of Z, for 
example a connected sum of §^ x 's, so that now T is the free group of rank k. Let {71, 72, ■ • ■ , 7fc} be the 
generators. Let T he . Let C C he a parallel and let [/ C one of the two hemispheres bounded hy 
C. Let ^'(71) he any measure-preserving diffeomorphism ofS^ that fixes U. We then define on the other 
generators in an arbitrary measure-preserving way. Then any point 6 in U would have nontrivial isotropy 
group T{d). Clearly, one can jazz up this example hy selecting any T and finding a single homeomorphism 
whose fixed point set is a set of nonzero measure. 

Example 2.3. Following |?^/ we now give an example of a lamination with the set of leaves with non-trivial 
monodromy of positive measure and, in addition, of a rather complicated sort. Take a (generalized) Cantor 
set K of positive Lehesgue measure in the unit circle. Choose now a homeomorphism (p of the circle admitting 
K as the fixed point set. Let M he any closed odd dimensional manifold with tti{AI) = Z. Consider the 
foliated space V obtained hy suspension of (j): thus V = M with Z = 7ri(§^) acting on §^ via 4> OLf^d 

acting hy deck transformations on M. The set of 6 & such that {7 G 'L\^9 = 9} is non-trivial is equal to 
K, hence it has positive measure. Using ^d^j page 105/106, we can find a Radon (f>-invariant measure v on 
§1 and v(K) > 0. 

Notice that in this class of examples, although the measure is diffuse, one can even ensure that the set of 
leaves with non-trivial holonomy has positive transverse measure. These laminations show up in the study of 
aperiodic tillings and especially of quasi- crystals. In J7j| / for instance, the measured foliated index for such 
laminations, a primary invariant, is used to solve the gap-labelling conjecture. The authors expect potential 
applications of the foliated rho invariant to aperiodic solid physics. 



2.2 The monodromy groupoid and the C*-algebra of the fohation 

Let M, r and T be as before. We define the monodromy groupoid G as the quotient space {M x M x T)/r 
oi M X M X T by the right diagonal action 

(m, m', 9)"f (7717, m'7, ^~^9). 

The groupoid structure is clear: the space of units G'^*'-' is the space V ~ M Xr T, the source and range 
maps are given by 

s[m,m' ,9] = [rh',9] and r[m,m' ,9] = [rh,9], 

where the brackets denote equivalence classes modulo the action of the group F 

It is not difficult to show that G can be identified in a natural way with the usual monodromy groupoid 
associated to the foliated space (V,J-), as defined, for example, in |Q. More precisely given a smooth path 
a : [0, 1] L, with L a leaf, choose any lift (3 : [0, 1] — > M of the projection of the path a in M through the 
natural projection V M. Then there exists a unique 9 G T with a(0) = [P{0),9] and we obtain in this 
way a well defined element [/3{0), (3{1),9] of G which only depends on the leafwisc homotopy class of a with 
fixed end-points. This furnishes the desired isomorphism. 
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Wc fix now a Lcbcsguc class measure dm on M and the corresponding F- invariant measure dm on M . 
We denote by Be the convolution *-algebra of continuous compactly supported functions on G. For /, g G Be 
we have: 

{f*g)[m,m',e]= f[m,m" ,e]g[m'\m' ,e]dm" and f*[m,m' ,9] = f[m' ,m,e]. 

J M 

More generally, let i? be a hermitian continuous longitudinally smooth vector bundle over V] thus E is 
a continuous bundle over V such that its restriction to each leaf is smooth js^. Consider END(£') := 
{s*Ey(S,[r*E) = Hom(s*£;, r*E), a bundle of endomorphisms over G. We consider Bf := G^-^°{G, END(£;)) 
the space of continuous longitudinally smooth sections of END(£;); this is also a *-algebra with product and 
adjoint given by 

(A * /2)[m, m', 9]^ [ /i[m, m", 9] o h[m" , m', 0] dm", 

r[m,™',0] = (/[m',m,0])*. 

Let i? be its lift to M x T; denote by He the Hilbert space He = L'^{M x {6}; / ^ '^f '^^'^ 

be viewed as a smooth kernel acting on Hg by the formula 

<Hfm{rh) := / /[m,m',0](^(m'))d™', for any ^ E He , 

and this defines a ^-representation tt^"^^ in He ■ We point out that the representation tt^"^^ is continuous for 
the norm defined by: 

j|/||i:=max{ sup / \\f[m,m',9]\\Edm-, sup / \\f[m\Th,9]\\Edm} 

{m,e)eMxT-JM {m,e)eMxT J M 

If we complete Be with respect to the G* norm 

||/|j,eg :=sup||7r;^n/)||, 
eeT 

then we get B^ , the regular C*-algebra of the groupoid G with coefficients in E. When E = V x C then we 
denote this C*-algebra simply by Br In the same way, if we complete Be with respect to all continuous 
*-representations, then we get the maximal C*-algebra of the groupoid G, that will be denoted by B^^ and 
simply by Bm when E = V x C 

2.3 von Neumann Algebras of foliations. 

The material in this paragraph is classical; for more details see for instance |l^ , |Q , jl^ , |Q . 

The representation n'-'^^ defined above takes value in the regular von Neumann algebra of the groupoid G. 
More precisely, the regular von Neumann algebra W* (G; E) of G with coefficients in E, acts on the Hilbert 
space H = L'^{T X M, E;v ® dm), and is by definition the space of families {Sg)s£T of bounded operators 
on L^{M,E) such that 

• For any 7 G F, S^g — jSe where jSg is defined using the action of F on the equivariant vector bundle 
E; 

• The map 9 \\Sg\\ is i/-essentially bounded on T; 

• For any (^,77) G H^, the map 9 i-^< Sg{£,e),ile > is Borel measurable. 
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The von Neumann algebra W* (G; E) is a type IIoo von Neumann algebra as we shall see later. It is easy 
to see that for any S G 6f , the operator tt'"'s{S) belongs to W*iG; E). 

In the same way we define a Icafwisc von Neumann algebra that we shall denote by W*{V,J-;E); this 
algebra acts on the Hilbert space |^ H ~ L'^{Le,E\Lg)dv{0) where Lg is, as before, the leaf in V 
corresponding to 0. Equivalently, and using the identification of the leaves with quotient oi M under isotropy, 
W*{V,T]E) can be described as the set of famihes {Sg)g^T of bounded operators on {L'^{Mg/r{9), E\g)g^T 
such that 

• The map 9 i-^ \\Sg\\ is i^-essentially bounded on T. 

• For any square integrablc sections ^,77 of the Borel field {L'^{Mg/r{9), Eg))g^T, the map 9 i-^< 
Sg{^g),rig > is Borcl measurable. 

• S-fg = jSg, for any {9, 7) e T x F. 

Notice that T{j9) — jT{9)j^^ and hence the definition of ^Sg is clear. 

Proposition 2.4. There is a well defined representation TTav from the maximal C* algebra to the leafwise 
von Neumann algebra W*{V,J-]E) such that for f G Cc(G, END(i?)) the operator (7rav(/))e is given by the 
kernel 

fo{x,y) = if ^ Ly and fo{[ni,9],[m' ,9]) := ^ /[jti, m'7, 6*]. 
Proof. For simplicity we take E the product line bundle. For / G Cc{G) the formula 

((^av(/))e i^) ■■= f .h{x,y)ay)dy, e e L\Lg),X eLgCV. 
JLo 

defines a bounded operator on L^{Le). Indeed the sum on the RHS in the definition of fo is finite since / is 
compactly supported. Moreover, when restricted to the leaf the kernel /o is supported within a uniform 
neighborhood of the diagonal of L^. We have: 



hUf))emi = / I / foix,x')ax')dx'\'dx 

< f ([ \fo{x,x')\dx') ( f \fo{x,x'mix')\^dx']dx 

JLo \JLe / \JLe 

< ll/olli / / \fo{x,x')\dxdx' 



J Le ^ Le 

< ll/o||?ll^lli 
Here |l/o|li stands for the L^-nomi 

Max ( sup / |/o(a;, a;')|(ix, sup / \fo{x, x')\dx'). 

Therefore, we have 

sup 1 1 TTav (/) 1 1 < ll/olll- 

But now it is easy to check that j|/o||i < ||/||i- On the other hand TTav is a *-representation; since for 
f,g€ Cc{G) one has, with proof similar to the one given for 

if * 5)0 = /o * go and (/*)o = (/o)*. 

To sum up, these arguments prove that TTav on Be extends to a continuous *-representation of the Bm in the 
von Neumann algebra W*{V,!F). This completes the proof. □ 
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2.4 Traces 

We fix once and for all a fundamental domain F for the free and proper action of T on M. Let x be the 
characteristic function of F. Then we set for any non-negative element S £ W*{G; E), 

T^iS) := / tr{M^oSgoM^)di'{e), 
Jt 

where tr is the usual trace of a non-negative operator on a Hilbert space. 

We shall also denote by x the induced function x(g) 1^, i.e. the characteristic function of x T in x T. 
Since F x T is a fundamental domain for the free and proper action of F on M x T, we shall also denote by 
Xs the same function x but viewed as the characteristic function of F inside a given leaf Lg, which is the 
image under the projection M xT ^ V oi M x {9}. We define a functional t'^ on the leafwise von Neumann 
algebra W*(y,T;E), by setting for any non- negative element S G W*{V,T; E) 

t!^{S) / ti:{M^,oSeoM^,)d,y{9), 

JT 

where the M^g appearing in the integrand is the multiplication operator in the space of sections over 
AIg/r{d), by the characteristic function xe of F viewed in Mg/r{d). 

Proposition 2.5. With the above notations we have: 

• the functional t'^ yields a positive semifinite normal faithful trace on W*{G,E); 

• the functional Tjr yields a positive semifinite normal faithful trace on W*{V,J-;E). 
Proof U R = S*S e W*{G] E), then for any 6 eT, 

oRgo = {SeM^yiSeM^) > 0. 

Therefore, tT{M^ o Rg o M^) > and hence r'^iR) > 0. Moreover, T^iR) = if and only if M^RgM^ = 
for z^-almost every 9. The T equivariance of R implies the relations 

M^^^R^gM^^^ = [M^-i^^^RgM^-i^^^ U^-i, 7,71,72 G T. 

The same relations hold for S. In particular, 

M^^RgM^^ = Uy [M^R^-igM^] U^-i = 0. 

Since 1/ is F-invariant, we deduce that M-y^RgAI^^ ^ v almost everywhere. Thus 

^ {My^SgM^^y* (My^SgM^^) = M^^RgM^^ = 0, V- a.c. 9 eT. 
7'er 

As a consequence, we get that for v almost every 9 Si T and for any 7,7' e F, 

My^SgM^^ = 0, 

which proves that 5 = in (G, E) and whence i? = in W* (G, E) . On the other hand for any non 
negative A,B£ W*{G; E), we have 

My^AgBgM^ = M^AgM^^BgM^ 

= YM^Ag{U^M^U^-i)BgM^ 

7er 

= ^M-^U^A^-lgM-^B^-lgU^-lM^ 

7er 

= [M^-l^A^-lgM-^B^-lgM^-l^] U^-l 

7er 



Index, eta and rho invariants on foliated bundles 



15 



and so. 

tiiM^AeBeM^) = "^ti [M^-i^A^-igM^B^-igM^-i^] 
= ^ tr [M^B^-igM^-i^A^-igM^] 

Now the F-invariancc of i> yields again 

T^iAB) = / tr{MxAgBeM^)di^{e) ^ / V tr [M^BeAf^-i^AeA/f J rfz^(6') 

tT{M^BeAeM^)dv{d) = r^iBA). 

The normality is a consequence of normality of tr and of the Beppo-Levi property. That t" is semi-finite is 
straightforward. 

Finally, according to our description of the leafwise von Neumann algebra W*{V,J-; E), its elements are 
also equivariant Borel families. So. the proof of the first item is readily adapted to take care of the quotients 
by the isotropy groups. □ 

Recall the two ^-representations 

^reg : ^ W: (G, E) , TTav : B^^ ^ W; (F, T; E) . 

Corollary 2.6. The two Junctionals r^f^g r"^ o TTreg and r^^ := o TTav are traces on the C* -algebras 
and B^j^ respectively n. Moreover they are explicitly given, for f G Bf longitudinally smooth by the formulas 



resif)-^ tTEi^,,,if[rh,A,0])dmdi^ie) (6) 



FxT 



<v(/):=/ 5^ tri;,„..,j(/[m,m7,0])dmdK0). (7) 

Proof. We only need to show the two formulas (^) and (0). The first one is tautological, so we only sketch 
the proof of the second one. Let then f G Be longitudinally smooth be fixed. The operator [7rav(/)]e acts on 
L^{Lg, E) with Schwartz kernel /o given by 

/o([m,0],[m',0])= ^'7,^]- 
76r(e) 

Therefore, the operator M^[7rav(/)]eA'/^ has Schwartz kernel supported in F x _F viewed in Lg x Lg. Recall 
that Lg is identified with M /T{9). We deduce 

t"Kv(/)]= / fo{[m,e],[m,e])d^ig{m)dv{e), 

J FxT 

with dfj,g{rh) being the measure induced by dm on the leaf through 6. Whence, the formula is readily 
deduced. □ 

In the sequel we shall also denote by t^^^ the resulting trace on the maximal C* -algebra B^, obtained 
via the natural epimorphism B^ B^ . 



^ these traces will not be finite in general 
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Remark 2.7. The proof of the tracial property of t^^^^ and r^^ can also be carried out directly. Here are the 
details (we only treat the averaged trace t^^ and for simplicity we take E equal to the product line bundle). 
Let f,f' be two elements of Cc(G). We have: 

if * f')[m,m',e]= [ 'S2f[m,m"a,e]f[m"a,m',e]dm". 

JF 



Hence we deduce 



= / N \ f'[m\m'ya~^,a6]f[ma~^,m\a6]dmdmdi'{9) 



ma , m , 



/ E / E f'Wi-\^a-\e']f[ 

■'^^^ aer-'T ^>(zr{e') 



-1 nnf,.z.^-l ^/ nn^^'^f^^^/Q') 



= f ^ {f * f)[m-i' \m',e']dm'dmdiyi9') 
Now note that since 7' G r(6''), we have 



(/' * /)[m7' \ m , 9'] = (/' * f)[m, m'^, 9']. 

Therefore, we get 

Proposition 2.8. 1. The trace r^'^g induces a group homomorphism t^^^ ^ : Kq{B^) — > M. 

2. The trace r^^ induces a group homomorphism t^^ ^ : Kq{B^J > M. 

Proof. Wc only sketch the proof of this classical result: one shows, for instance, that L'^{W*{G;E)) n , 
with L^{W*{G; E)) the Schatten-ideal of r'^-trace class operators, is dense holomorphically closed in B^. 
Similarly L^{W*{V,J-;E))r)TTiiv{B^) is dense and holomorphically closed in TTav{B^); this finishes the proof 
by using the definition of . 

□ 

2.5 Compatibility with Morita isomorphisms 

The goal of this subsection is to prove the compatibility between the different traces defined so far and the 
isomorphisms induced in _ftr-theory by Morita equivalence. 

Recall the C* -algebras Ar and Am associated to the groupoid G := T xi F. Let K. denote as usual the 
C*-algebra of compact operators on a Hilbert space. 

Proposition 2.9. There are isomorphisms of C* -algebras: 

Br~Ar<»IC, Bm^ A,n «> /C. (8) 

Proof. We fix toq G M and consider the subgroupoid G(mo) consisting of the elements which start and end 
in the image of {toq} x T in V: 

G{rrio) = {[mo, rriQa, 9],9 eT and a G F}. 
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Notice that the composition in G'(mo) can be expressed in the foUowing way: 

[mo, mod', 9'] o [toq, rhoa, a'0'] = [toq, rhijaa' , 9'] . 
Then there is a groupoid isomorphism between G(mo) and the groupoid Q given by 

['mQ,mQa,9] i — > {9,a~^). 

In particular the reduced (respectively maximal) C*-algebras associated to G(mo) and Q arc isomorphic: 
C*{G{mQ)) ~ Ar (respectively C^(G(mo)) — Am)- Now the main result in see also 0, together with 
the fact that the image of {mo} x T in y intersects every leaf of the foliation, we deduce that the stable 
C*-algebra Br is isomorphic to the tensor product C*-algebra Ar ® JC. In the same way, the C'*-algebra Bm 
is isomorphic to the tensor product C*-algebra Am ® using the maximal version of the stability theorem 
which is valid as pointed out in p6t . 

□ 



Denote by Ai^ : KojAr) Ko{Br) and A^ni : Ko{-^m) Ko{Bm) the isomorphisms induced in X-theory 
by the isomorphisms (|8|) 

Proposition 2.10. The following diagrams are commutative 

KoiBr) KoiBm) 

KoiAr) iT,!;^^, KoiAm) 

\ \ 



Proof. Let us identify T with a fiber of the flat bimdle V = M Xr T ^ M. Let Q be an open connected 
submanifold of M contained in a fundamental domain F of the action of F. Let U be the projection in V 
of il X T. Then [/ ^ T is an open neighborhood of T in ^ such that the induced foliation on U is given 
by the fibres oi U T. The subgroupoid G\j of G consisting of homotopy classes of paths drawn in leaves, 
starting and ending in U, can be describe as 

o X A/ X T 

{[m,m'7,6i] e , [m,9] e U and [m'7, 6i] G U}. 

An easy inspection of the groupoid laws in G^ shows that the bijection 

[m, m'7, 61] I — > {m,m',9,-y-'^) e O x 17 x (T x F), 

is an isomorphism of groupoids, so that the reduced (resp. maximal) G*-algebra of G^ is isomorphic to 
IC{L'^n) (g) [G{T) xir F] (resp. K.{L'^Vt) ® [G{T) x,„ F]). Recah that K.{L'^Vl) denotes the nuclear G*-algebra 
of compact operators in the Hilbert space i^fi. 

If we now fix a continuous compactly supported function if on Vl with L'^ norm equal to 1 then for any 
continuous compactly supported function ^ G Ac, we set: 

r(OKm',0] := ^(™7)R^e(7"'^,7"V)- 

7,7'er 

Since Lp is supported in a fundamental domain, it is clear that only one couple (7,7') gives a non trivial 
contribution. Moreover, the function T(^) is well defined on G and is supported inside G^. The map T is 
a *-homomorphism from the algebra Ac to the algebra Be which implements the Morita isomorphisms M,- 
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and Aim in /\-thcory. Indeed, we have: 



Ti£,)*T{^')[m,m',9] = T{^)[m,m" ,9]T{^')[m" ,m' ,e]dm" 



M 

= ip(fha)Lp{rh' P') j if{m''(3)(p{m'a')dm' x 

Q,o!'er ;3er 
a,a'er 



Hence, we conclude that 



In a similar way one checks that (T(^))* =T{^*) . 

T extends to a morphism between the corresponding reduced C* -algebras. More precisely, let / € L'^{M), 
then the regular representation 7r''°s is given for any m € M by: 

(7r-8T(0)e(/)(m) = / 'f{rhl)WN)ai"'e,l~'i)f{m)dm'. 



M 



7',7er 



Denote by 5 : F ^ C the function given by 

9{l') ■■ 



tp{m'^' ^)f{'m')dm' 



M 



then, one easily shows that the function g belongs to £'^{T) and that its £^-norm can be estimated as follows: 

2 



\9\\l 



= El5(V)l'=E / 0(mY-')/(m')dm 

<E / \firh')\'dm'=\\f\\ 



E 

7' 



(fn'"/' )f(m') dm' 



If we recall the regular representation of the algebra Ac, denoted also by n'"^^, then, using g wc can write: 

(^regr(e)).(/)(m) - E'^(^^) E ^(7-'^,7-'7')5(y'') = E'^(^7)«^(0)(5)(7-') 
7er 7'6r 76r 

Therefore, if we compute the L^-norm of the fimction {Tr'^'^^T{£^))g{f) we get: 



l(^regT(e))e(/)| 



M 



E0('^^7)^r(e)(.9)(7-'; 

7er 



dm 



E 

aer 



(TOQ;)7rg''^(0(5)(a ^)| 



= \KH0{9)\\1 

< lieiilii5i!^<iieiilii/ii^ 
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Summarizing: sup^gj, |l(7r-s(Te))e|l < |1C|U, so that \\T{0\\b. < U\U as required. 

It thus remains to show compatibiHty of the traces with respect to the homomorphism T, and only on the 
compactly supported functions. Let us start with the regular trace. We have: 



J FxT 



FxT 

^{9,1) [ \ip{rh)fdmdiyi9) 

T J M 



T 



i{0A)dv{9) 



Note that when m e il, only 7=1 contributes to the sum defining T(^). 

Let us now check, briefly, that T induces a morphism between the maximal C*-algcbras. It suffices to 
show that T is continuous with respect to the L^-norms on the groupoids Q and G. But for ^ E Ac and for 
any fh G fl we have 

/ \{TO[rh,m\e]\dm' < \<l>{rh)\ [ \cf,{m')\ dm' I 1^0,^)1 



7'6r 



IM JM 

< ll0l|l||0l|cc^ll^l|l 

Hence, 

wmwi < ii0iiiii0iiooiieiii- 

Now let us check the compatibility with the average trace r^^. We have, for E Ac 



<AnO) = [ E TiO[m,m^,e]dmdm 
E T{^)[m,fh-/,9]dmdi'{9) 
E C(^,7) / Mm)\'dmd,y{9) 



^7er(e) 



^7er(e) 



er 

= <v(e)- 

Note that in the expression T(^)[m, 7717, 9] for m e f2, only the couple (1, 7) contributes non trivially to the 
sum. □ 

3 Hilbert modules and Dirac operators. 

3.1 Connes-Skandalis Hilbert module 

Recall that V = M Xr T where M M is the universal F-covering of the closed manifold M and where F 
acts by homeomorphisms on the compact space T . We fix a hermitian vector bundle E over V and we denote 
by E its pull-back to M x T. We define a right action of the convolution algebra Ac = Cc(T x F) = Cc{G) on 
the space £c = C^'°(M x T;E), of compactly supported sections of the vector bundle E which are smooth 
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with respect to the M variable and continuous with respect to the T variable, as follows. 

(^/)(m,0)-^ ^(m7-\70)/(70,7), ^ e f e A,, 
■yer 

A ^c-valued inner product < .; . > on £c is also defined by |Q 

<Ci;6 > (6*, 7) — l< ^i{m,-/-^e);^2{m-f-\e) >Ei,~„e] dm, 
Jm 

where < .; . >e is the hermitian scalar product that we have fixed of the vector bundle E. A classical 
computation shows that these operations endow the space £c with the structure of a pre-Hilbert module over 
the algebra Ac- 

As in the previous sections, we denote by Ar and Am the reduced and maximal C*-algebras of the 
groupoid G ■ Recall that there is a natural C* -algebra morphism 

The pre-Hilbert ^^-module £c can be completed with respect to the reduced C*-norm to yield a right Hilbert 
C*-module over Ar that we shall denote by £r- In the same way, we can complete £c with respect to the 
maximal C*-norm and define the Hilbert C*-module over the C*-algebra Am- It is then clear that the 
natural map £c — *■ £r^ extends to a morphism of Hilbert modules £m — * £r- More precisely, we have a well 
defined linear map 

Q ■- £m — > £r such that g{£_f) g{OKf) f ^ -4,„ and £, e £m- 
We denote as in the previous sections by G the monodromy groupoid 

M X M xT 



G 



r 



The algebra of smooth compactly supported sections of the bundle END(i?) over G is faithfully repre- 
sented in £(. by the formula 



X{vm{rh,e) := ^[rh,rh',6]arh',6)dm', € (G, END(i?)), ^ € fe- 

J M 

Recall that and B^ are respectively the reduced and maximal C*-algebras associated with G and with 
coefficients in E- Given a C*-algebra A and a Hilbert A-module £, the algebra Ba{£) consists of bounded 
adjointable A-linear morphisms off. Recall also that the C*-algebra ICa{£) of A-compact operators is the 
completion in Ba{£) of the subalgebra of A-finite rank operators. The following proposition is proved in 
|6|, see also (37| and 0. 

Proposition 3.1. For any ip £ B^ , the map xi'P) '- £c £c is Ac-linear and the morphism x extends to 
continuous -representations 

Xr ■- B^ > K-aA^t) and Xm. ■ B^ > ICA^{£m), 

which are G* -algebra isomorphisms. 

Notice that the proof of this Proposition is usually given for the holonomy groupoid of the foliation; 
however the same argument applies to the monodromy groupoid. Note also that the proof is usually given 
for the reduced C* -algebra but it remains valid for the maximal C* algebra too ||2^ [Remarque 5]. 

For any 9 Cz T, we have defined in Subsection 1.3 a representation ttq " of the maximal C*-algebra Am in 
the Hilbert space £^(r/T{6)). By using Remark 



1.1 



we can write 



7rrif)mo'):= E /(^''7)C(n, feAcUe'm^ndo' ere. 

e"er.e ■ye"=e' 
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The family of representations {'^g^)eeT then yields the average representation of Am in the leafwise von 
Neumann algebra W*{V,T; E). Using the ^„i-Hilbert module together with the representation TTg", one 
defines the Hilbert space 

Similarly 

nl''^ -.^Sm®^-^ fir). 

Lemma 3.2. There exists an isomorphism of Hilbert spaces, $e, between Tig^ and the Hilbert space L^{Lg, E) 
of square integrable sections of the vector bundle E over the leaf Lg through 6, induced by the formula 

'i'o{^®f){ni,e):=Y.f{j9) [arhj-\^9)], ^ e and f e C,{r0). 

Similarly there exists an isomorphism "i!g of Hilbert spaces between T-Cg'^^ and L'^(Mg, E) induced by the 
formula 

where d-y denotes the delta function at T. 
Proof. If a e r((?) then we can write for ^ G £c- 

= ^/(/30)C(m/3-\/5e) 

per 

- $e(e®/)(m,0) 

Hence, (g) /) is a smooth section of E over Mg which is ^(^^)-invariant. Moreover, if / = S^g and if we 
denote by K^g the (compact) support of ^ in M x {76'} then the support of ^e{£, CSi S^g) is contained in 



and hence is r(0)-compact. 

Let now g G Ac be given. Then we have 



^9i^g®f)im,e) = ^/(7^)(^5)(m7-i,70) 

= E E f{0')g{e",a)am{aj)-\( 

e',e"ere ^e=e' ,ae'=e" 

= E E f{e')g{e",a)amf3-\e") 



'ere i3e=e",ae' 



On the other hand, we compute 



e"ere 7ie=e" 

= E E f{0')g{e",5)(,{rh5^\e") 

B" M'ero se'=9" ,Si9=e" 

Hence, we obtain the equality $6/(^5 ® /) = '^ei^i ® T^g" {9)if))- 
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In order to finish the proof, wc need to identify the scalar product on the Hilbert space Ti.g'". We have 
<C®/,C®/> = <<^<L^>)if)J> 

e'ere 

e'ere per 



9',e"ere i3e"=e'''^' 
E W)f{Q") E <C{rh,ae'), ii7fia,e')> dm 



On the other hand, if we view $6i(C®/) a-s a section over the leaf Lq through 6*, then we can use a fundamental 
domain Fq for the free and proper action of the isotropy group V{ff) on M and write 



We fix a section (/3 : Fff — > F of the map 7 i-^ 7^. Then /3 = 1^9(01)^^71 is an element of the isotropy group 
and we have 

<<f>e(e®/),<i'e(c®/)> = E /(^")7M E E / <e(™/?"V(^")"\^"),e(m72"\^') 

e", e'ere ^26=6' per (o) ^" 

= E /(^")7M I 

e"fi'ere ne^e' per(e) ^ol^ ^v(b") ^ 

< ^{mi,e"),^{rhiip{0")Pj^\9') > dmi 



E fi^fid') EE/ <arhud" 

9", e'ere ae'=e" nerie) Fgp-^cp{e")~-^ 



), ^(mia, 9') > dm 

'ere ae'=e" per{e)' 

Setting S = (p{9i)P~^ip{9i)^^ and noticing that a fundamental domain Fgn is equal to Fgip{9")^^ we get 

M^^f),M^^f)> = E E E / <^(mi,n,?(^ia,a-^n >cf"i 

= E E E / <e(mi,0"),^(mia,a-in>rfm 

e',e"ere ae'=e"5er(e") "'"^ 

= E E <a^i,ad'),amio^,0')>dm 

e',e"ere ae'=e"''^^ 

Hence < ^ (E) /, C ^ / >=< 'I'elC ® f)^^e{S, ® /) > • It now remains to show that $6» is surjective. Let 77 be 
a smooth compactly supported section over the leaf Lg and denote by f] its lift into a r(0)-invariant section 
over M X 9 and by ^0 any extension of fj into a leafwise smooth continuous section over M x T. Let be 
a smooth function on Af such that X]Qer(e) '^''^ ~ ^ ^^'^ such that for any compact set K vn Lg M /T(9), 
the intersection of the support of (p with the inverse image of K , under the projection M —>■ Lg, is compact 
in M. We view as a function on Af x T independent of the T variable and set 
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Then ^ e C^'°(A/ X T,E) and one checks immediately that <f>e(^ (8) 5g) = rj. The proof of the second 
isomorphism is simpler and is left as an exercise. □ 

Recall that we have defined two representations, that we have both denoted tt"'", respectively of the 
C* -algebras Am and in the corresponding von Neumann algebras of the discrete groupoid Q and of the 
monodromy groupoid G with coefficients in the vector bundle E: 

: Am - [g) , : S,^ ^ W: {V, T- E) . 

Recall also that we have defined a *-representation Xm of B^^ in the compact operators of the Hilbert module 

Proposition 3.3. Let S be a given element of B^ . Then we have 

with $6) : £m CSitt"^ l'^{T6) L'^(Lg,E) the isomorphism given in Lemma 3.i. In the same way, we have 



iil'<>{S)^-^eo xr(^) /^2(r) 



with : £m (^tt^'s ^ (T) — > L {Mg, E) the second isomorphism given in Lemma 5.1. 

Proof. Let us fix an element k G C^'^{G;¥jNY){E)) and give the proof for S = k. We compute for ^ € £c 
and / e Cc[T0]: 

= V/lTfil) / fc[m,m'7,6']C(m',76')cim' 
y]/(76') / fc[m,mi,6']^(?Tii7~\76')dTOi. 



7er 

On the other hand, we have: 



7er aeT(0)-'^o°' 



= ^f{l'^) E / k[m,m" ,6]£,{rh"-i' \-f'e)dm" 
= Y,.fh'0)f k[m,m",9]^{m"-/'~\-/'e)dm". 



t'er 
So we get 

*e(x(fc)(o®/) = ^r(fc)(i>e(?®/)) 

which proves the first statement by continuity. We omit the proof of the second statement as it is similar 
and in fact easier. □ 
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3.2 F-equivariant pseudodifferential operators 

This subsection is devoted to a brief overview of the pseudodifferential calcuhis relevant to our study. All 
stated results are known and we therefore only sketch the proofs. 

Let £c be as before C^'°(M x T,E) endowed with its structure of pre-Hilbert ^c-module. Recall that 
if we complete the prehilbertian module £c with respect to the regular norm on Ac then wc get a Hilbert 
C*-module Sj. over the regular C*-algebra Ar. In the same way, completing Ac with respect to the maximal 
C*-norm yields a Hilbert C*-module £,„ over the maximal C*-algebra Am- Wc fix two vector bundles E 
and F over V and we denote by E and F their pullbacks to M x T into F-cquivariant vector bundles; we 
let Eg be the restriction of E to Mg. Wc set, as before, Mg := Mg. 

Definition 3.4. Let P : C^'°{M xT,E)-^ C°°'°{M x T, F) be a linear map. We shall say that P defines a 
pseudodifferential operator of order m on the monodromy groupoid G if there is a continuous family of order 
m pseudofifferential operators {P(6))g^T, 

Pe : C^{Mo, Eg) ^ C°°iMg,Fg) 

satisfying: 

(1) {P£,){m,B)^{Pea;e)){mx{0}) 

(2) P is T-equivariant: R*PR*^_i = P; 

(3) the Schwartz kernel of P, Kp, which can he thought of as a T -invariant distributional section on M x 
M xT, is of T-compact support, i.e. the image of the support in {M x M x T)/T =: G is a compact set. 

Notice that (2) can be then restated as: P^g = jPg Vd E T , V-f £ T, exactly as in the definition of 
the regular von Neumann algebra. The notion of continuity for families of pseudodifferential operators is 
classical and will not be recalled here, see, for example, J^, [Q, ||5^, |54]. Finally, because of the third 
condition P maps C^-^°{M x T, E) into C^'°{M x T, F). 

Notice that a F-equivariant continuous family of differential operators acting between the sections of two 
equivariant vector bundles is an example of a pseudodifferential operator on G. 

If m € Z, we shall denote by 5'™(G'; E, F) the space of pseudodifferential operators of order < m from E 
to F g . We set 

^'^{G;E,F) |J *™(G;i^,^') and ^-°°{G; E, F) := p| *',"(G; i?, F). 

Using condition (3) , it is not difficult to check that the space 'ii'^{G; E, E) is a filtered algebra. Moreover, 
assigning to P its formal adjoint P* = {Pg)g^T gives 'i>'^{G;E, E) the structure of an involutive algebra; 
the formal adjoint is defined also for P e ^'™(G; E, F) and it is then an alcment in \E'™(G; F, E). 



Remark 3.5. Notice that Definition 3.4 fits into the general framework of pseudodifferential calculus on 



groupoids, as developed by Connes and many others. More precisely, let P = {Pg)g^T be a pseudodifferential 



operator on G as in Definition 3.4. For any 6 €z T and any x = [to, 6] £ Lg the diffeomorphism 

Px,g ■ M ^ G"^ ^ r^^{x) given by px^g{m') = [rh,rh' , 9] , 

allows to define a pseudodifferential operator P^ on G'^ with coefficients ins*E, viz. P^ :— {Px\)* °Pe°{Px,e)* ■ 
It is easy to check that P^ only depends on x and that the family {Px)x£V is a pseudodifferential operator 
on G in the sense of Connes. Conversely if we are given now a pseudodifferential operator {Px)x^v in the 
sense of Connes, then a choice of a base point TOq in M allows to construct P = {Pg)g^T satisfying the 
assumptions of Definition 3j_4, viz. Pg := P^-j^g^ g ° Px(e) ° g)* with x{6) = [toq, 0] and [toq] = toq. 



^The notation for this space of operators is not unique: in it is denoted ^(M x T; E, F) with X denoting equivariance 
and c denoting again of V-compact support; in js^ it is simply denoted as ^'^{E,F) 
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Remark 3.6. According to J7^ a psedodifferential operator as in Connes, admits a well defined distributional 
Schwartz kernel over G. It is easy to check that this Schwartz kernel coincides with our Kp when the two 
families correspond as in the previous remark. 



Remark 3.7. The construction explained in remark 3.L. also allows to establish an identification between 



Connes ' von Neumann algebra jjq/ for the groupoid G and our von Neumann algebra W* (G, E) . It is easy 
to cheek that Connes' trace Uq/ corresponds to our trace through this identification. 



Lemma 3.8. A pseudodifferential operator P of order m yields an Ac-linear map V : £c ^c- Moreover, 
the following identity holds in Ac'. < Vu, v >~< u, V*v > Vu € £c, Vw G J-'c. 

Proof Let and let / e Ac. By definition = J2-yiR*-iO{-)filT^{-)n) with tt : M x T ^ T the 

projection. Hence: 



EK-^C) (•)/(7^(-),7) = (^0/ 



where in the second equahty we have used the fact that V commutes witlr multiphcation by functions in 
G{T) (indeed, V is given by a continuous family) and in the third equality we have used the F-equivariance. 
The equality < Vu,v >=< u,V*v > is established in a straightforward way. 

□ 

Proposition 3.9. Let V be a pseudodifferential operator of order m between £c and Tc- Then we have: 

1. If m < then V extends to a bounded adjointable Am-Hnear operator Vm from to Tm o-nd to a 
bounded adjointable Ar-linear operator Vr from £r to Tr- 

2. Ifm<0, then Vm is an Am-Hnear compact operator from £m to J-m and Vr is an Ar-Unear compact 
operator from £r to J> 

Proof. We only sketch the arguments, following js^. For simplicity we take E and F to be the trivial line 
bundles, so that £c = Tc- We give the proof for the maximal completion, the proof for the regular completion 
being the same. 

For the first item, one applies the classical argument of Hormander, see for example |5l|] , reducing the con- 
tinuity of order zero pseudodifferential operators to that of the smoothing operators. We omit the details. 
For the second item, one starts with V of order < — n, with n equal to the dimension of M. Then V is 
given by integration against a continuous compactly supported element in G; in other words V ~ x(X), with 



K G Gc{G). We already know that such an element extends to a compact operator V on £m, see 3.1. If P is 
of order less than — ri/2 then we consider Q :— V*V which is of order less then ~n and symmetric. We know 
that Q extends to a (compact) bounded operator on £m; thus if / G f c then, in particular, HP/IP < G||/|p 
which means that V extends to a bounded operator V on Similarly V* extends to a bounded operator 
V* and by density we obtain that V is adjointable with adjoint equal to V*. Now, again by density, we have 
Q — V*V: thus we can take the square root of Q which will be again compact since Q is. Using the polar 
decomposition for V we can finally conclude that V is compact which is what we need to prove. 
If the order of 7^ is m < then we fix ^ G N such that m2^ < — n; then we proceed inductively, considering 
{V*VY and applying the above argument. 

□ 
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Let P — {Pg)oeT be an element in \I'^(G); its principal symbol cre{P) defines a F-equivariant function on 
the vertical cotangent bundle Ty{M x T) to the trivial fibration M xT T; cquivalently, <Ji{P) is a function 
on the longitudinal cotangent bundle T*!F to the foliation {V,!F). If, more generally, P £ '^^^{G;E,F), then 
its principal symbol will be a F-equivariant section of the bundle Hom(7ry(£'), tt^ (F)) :— TTy{E*) (g) TTy{F) 
with TTy : Ty{M x T) ^ (M x T) the natural projection; cquivalently, <Ji{P) is a section of the bundle 
Hom(7r^i?, TT^F) over the longitudinal cotangent bundle tt^f : T*!F V. We shall say that P is elliptic if 
its principal symbol crt{P) is invertible on non-zero cotangent vectors. We end this Subsection by stating 
the following fundamental and classical result whose proof can be found, for example in the work of Connes 
, see also [36| . (Notice that in this particular case the proof can be easily done directly, mimicking the 
classic one on a closed compact manifold.) 

Theorem 3.10. Let P e -^1{G-,E,F) he elliptic; then there exists Q e ^^'^{G;F,E) such that 

Id-PQ e ^'-°°(G;P,F), U-QPe'f-°^\G;E,E) (9) 

Notice that in our definition elements in are of F-compact support: this applies in particular to 

both S' := Id - PQ and R := Id - QP . 

We end this subsection by observing that it is also possible to introduce Sobolev modules f'^'^-' and prove 
the usual properties of pseudodiffcrential operators, see |^^. For simplicity we consider the case fc € N. In 
order to give the definition, we fix an elliptic differential operator of order k, P; for example P = , with 
D a Dirac type operator. This is a regular unbounded operator (see the next subsection). We consider the 
domain of its extension DoTuVm and we endow it with the ^„i-valued scalar product 

< S,t >fc: = < S,i > + < VrnS,V,nt > 

This defines the Sobolev module of order k, One can prove for these modules the usual properties: 

• different choices of P yield compatible Hilbert module structures; 

• if fc > £ we have S'^^^ ^ £^^^ and the inclusion in ^,„-compact 

• it Re *™(G,i;) then R extends to a bounded operator 

Since we shall make little use of these properties, we omit the proofs. 

3.3 Functional calculus for Dirac operators 

Let D = {Dg)g^T be a F-equivariant family of Dirac- type operators acting on the sections of a F-equivariant 
vertical hermitian Clifford module E endowed with a F-equivariant connection. We shall make the usual 
assumptions on the connection and on the Clifford action ensuring that each Dg is formally self-adjoint. 
Recall that D = {Dg)g,zT G '^].{G\ E) and that D induces a ^c-linear operator on £c that we have denoted 
by P. 

Proposition 3.11. The operator T) is closable in £r and in Moreover, the closures Vr and Vm on the 
Hilbert modules £r and £m respectively, are regular and self-adjoint operators. 

Proof. We give a classical proof based on general results described for instance in [Q. Since the densely 
defined operator P is formally self-adjoint, it is closable with symmetric closures in £r and £r,i respectively. 
Let Q e 'i>~^{G, E) be a formally self-adjoint parametrix for D: 

Id-DQ^S, ld-QD = R. 

For simplicity, we denote by tt the regular or the maximal representation, by the corresponding Hilbert 
module and by 7)^^ the closure of V. Since Q has negative order, it extends into a bounded operator on £t^, 
denoted by Q^, or simply by Qtt- On the other hand, we know that the zero-th order pseudodiffcrential 
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operator DQ extends to a bounded ylTr-linear operator on £-^. If ^ belongs to the domain of this closure 
(whieh is ^jr) then there exists ^„ in C^'°(Af x T, E) converging in the 7r-norm to ^ and such that {DQ)£,n 
is convergent in the tt norm. We deduce that Qtt{£,) is well defined and is the limit of Hence we deduce 
that QttC belongs to the domain of and that ImQ^r C DomI?7r- Hence, V-^Qt^ is a bounded operator 
which coincides with the extension of DQ and we have with obvious notation. 

so QlVl C (X'^Q^)* = I-S* and hence Dom(X';) C Im(Q;) + Im(5;). Since is self-adjoint we deduce 
that 

Dom(p;) C Im(Q^) + Im(5;) C Dom(I?^). 

The last inclusion is a consequence of the fact that S* is induced by a smoothing F-compactly supported 
operator. So is self-adjoint. Now, the graph of Vt^, G{'Dt^), is given by 

G{v^) = {{QAv) + SAv'),T^AQAv)) + T^ASAv')).v,v' e 

Hence G{'D-^), which is closed in x £.^, coincides with the image of a bounded morphism U of ^^-modules 
given by 



U = 



Now, as a general fact, the image of such morphism, when closed, is always orthocomplemented. Thus X'tt 
is regular. □ 



Recall that we established in Lemma 3.2 isomorphisms of Hilbert spaces 

$e : f{Te) ^ L^{Lg,E) , *e : £,n ^'(F) ^ L^{Me,E). 

Proposition 3.12. Let ip : M ^ C be a continuous bounded funetion. Then for any 6 ^ T , the hounded 
operator, acting on L'^{Lg,E), given by 

coincides with the operator ^[D^g) where D^g is our Dirae type operator acting on the leaf Lg. 
In the same way the operator, acting on L'^{Mg,Eg), given by 



^g o 



reg 7^2 (D 



coincides with the operator ip{Dg). 



Proof. We prove only the first result, the proof of the second is similar. Since the operator T>m is a regular 
self-adjoint operator, its continuous functional calculus is well defined. See ||5^. Let ^ G £c and let / e Cc[r0], 
then we have 

MV„,{0®f){rh,e) = ^/(70)(27e)(™7-\7^) 

= ^/(7e)[i?;-,(P0](^,^) 

On the other hand, the action of the operator Dl^ on the image of (f>e is given by 

{Dl„ o ^g){^ o /)(m, 9) = J2 filO)Dgi[j-'^]g){rh). 

7er 
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Since by definition of V we have X>(7 ^£^){rh, 6) = Dgdj ^£]g)(m) we obtain that 

If tp is as above then we get as a consequence of the definition of functional calculus, 

= $0Oi/;(P„®/)o$-l 

By uniqueness of the functional calculus we also deduce that tp(Vm ® I) = ^{Vm) (E) I, and hence the proof 
is complete. □ 

Before proving the main result of this Subection, we recall two technical results about trace class opera- 
tors. First we establish two useful Lemmas. The first one is classical and generalizes Proposition A. 3. 2 
while the second one is an easy extension of similar results for coverings established iii|ll . 

Lemma 3.13. Let S € W*{G, E); then the following statements are equivalent: 

• S is t'^ Hilbert- Schmidt (i.e. t'^{S*S) < +00); 

• there exists a measurable section Ks of END(i!^) over G such that for v-almost every 6 the operator 
Se is given on L'^{Mg, Eg) by (Se£){jfi) = Jj^j Ks{m,m' ,0)^{m')drh' , with 

tv {Ks{m,fh' ,0)* Ks{m,m' ,9)) dmdm' dv{9) < +00 

MxFxT 

where we interpret Ks as a T-equivariant section on M x M x T . 
Moreover in this case the Hilbert- Schmidt norm of S, ||»S'||^_jjg t'^{S*S), is given by 

ll'5||^_HS= / tY{Ks{m,m\9)*Ksim,rh',e)) drhdm' diy{e) . 

J MxFxT 

Proof. We have, by definition, 

ll^ll'-HS-^'^(^*^)= / \\SgM^\\lsdu{9) 

JT 

where the integrand involves the usual Hilbert-Schmidt norm in L'^{M0, Eg). Therefore the proof is easily 
deduced using [Q[page 251] □ 

Lemma 3.14. Let S be a positive selfadjoint operator in W*{G,E); then the following statements are 
equivalent: 

• T^iS) < +00; 

• for any smooth compactly supported function <j) on M , the measurable function 

T3 9 ^TiiM^oSgoM^) 

is v-integrable on T , where the trace is the usual trace for bounded operators on the Hilbert space 
L\M,E); 

• for any smooth compactly supported function (j) on M , the function 

T39^\\Sl'^oM4l^ 

is v-integrable on T . 
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Proof. Wc follow the techniques in j^] and use Lemma 3.13| . The second and third items are clearly equivalent. 
Assume that t''{S) < +00 and let be a smooth compactly supported function on M with uniform norm 
ll'/'lloo- We let be a finite subset of F such that the support of <f> lies in the union U.y^r^F'y- Here is a 
fundamenal domain as before. Then S^^^ is t'^ Hilbcrt-Schmidt and if Kgi/2 is its Schwartz kernel, then we 
easily deduce 

|0(m')p tr{Kgi/2{rh,m',9)*Kgi/2{m,rh',6)) dfhdm' dv{9) 

MxlilxT 



y |0(m')|^ tr {Kgi/2{m,m\9)* Kgi/2{m,m\9)) dmdm dh'{9) 

^er^ Jmxf^xt 

— ll'/'lloo X ^ / ti {Kgi/2{m,m\9)* Kgi/2{m,m\9)) dmdm' diy{9) 

^^^JmxF^xT 

y I tr (^Kgi/2{mj^^ ,m\'-f9)* Kgi/2{m'-f^^ ,m' ,'^9)) dmdrh' di'{9) 

JmxFxT 



7er^ 

2 

A 

!1<^!|^, X Card(r^) X t'^(5) < +00. 



loo X 

/j\/x_FxT 

2 



Conversely, let be any nonnegative smooth compactly supported function on M such that (f>x — X; where 
X is the characteristic function of F. Then we have 



T^iS) = J TT{M^oSgoM^)d!y{0) 

= J Tt{M^o M^o Seo M^o M^)di'{9) 
< / Tr(A/0 o Sgo M^) dv(9) < +00 



□ 

Proposition 3.15. Let S = {Se)eeT be an element of the von Neumann algebra W*{G;E). We assume 
that Se is an integral operator with smooth kernel for any 9 in T and that the resulting Schwartz kernel Kg 
is a Borel bounded section over G. 

• If S is positive and self-adjoint, then S is t'^ trace class and we have 

r''(5) = / tr{Ks{m,m,9))dmdv{9), (10) 

JFxT 

where F is a fundamental domain in M and where in the right hand side we interpret K{S) as a 
T-equivariant section on M x M x T. 

• If S is assumed to be trace class, then formula ( pO| ) holds. 

Proof. Let us prove the first item. Let be a smooth compactly supported function on A/. The operator 
o Sgo M-^ acting on L'^{M0, E) has a smooth compactly supported Schwartz kernel and is therefore trace 
class with 

™M2 1 



Tv{M^oSeoM^)^ \^{m)YKs{m,m,9)drh. 



I Me 

Since Ks is bounded as a section over G and since v is a borelian measure, we have 



Tr(Af^ oSeo M^)dv{9) < +00 . 
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This shows, using Lemma 3.14, that S is r'' trace class and also that S*^/^ is t'^ Hilbert-Schmidt. By Lemma 
3.13 we deduce that the S^^'^ is an integral operator with measurable Schwartz kernel Kgi/2 satisfying 

||5"^^^||hs •= / tr {Kgi/2{TfL,m\6)* Kgi/2{fh,m\6)) dm dm dh'{d) < +oo . 

JmxFxT 

On the other hand we also have 

Ks{m,7h,9) = / Kgi/2{m,rh\0)Kgi/2{m\m,0)dm 
Jm 



Kgi/2 {m,rh' , 9)K gi/2 {rh, fh! ,9)* dm 

' M 

The last equality employs the fact that S*^/^ is selfadjoint. Taking pointwise traces we get: 
trKs{m,m,9) = / tr (Kgi/2{m,m' ,9)Kgi/2{m,m\9)*) dm 



M 



tr {Kgi/2 (m, m', 9)* Kgi/2{m, m\ 9)) dm . 

I M 

Therefore 

t'^(S') = 11 5i/2||2^ ^ f tYKs{m,m,9)dmdiy{9). 

JfxT 

This finishes the proof of the first item. 

Regarding the second item, assume now that S is t'^ trace class i.e. t''(|5'|) is finite. Write S = U\S\ for 
the polar decomposition of S in W*{G,E). Then the operators \S\^^^ and [/|S'|^/^ are t'^ Hilbert-Schmidt 
and thus have Schwartz kernels K^g^i/2 and Kij^g^i/2. Using Lemma 3.13 and the polarization identity 
we deduce: 

< C/|5'|i/M5|i/2 >HS = / trAV|s|i/2(m,m',6')A'|5|i/2(m,m',6')*dmdTO'di/(6') 

JmxFxT 

tr A'[;|5|i/2 (tti, m', 9)K^g^i/2 (m', rh, 9) dm dm' dv{9) 

MxFxT 

tr Ks{m, m, 9) dm dv{9) . 



FxT 



Hence 



r'^(S') =< C/jS'l^/MSI^/^ >Hs= / tvKs{m,m,9)dmdv{9). 

J FxT 



I FxT 

The proof is complete. □ 

Remark 3.16. A proof similar to the one given above shows, as in ^ (Proposition 4-16), that if R = {Re)eeT 
has a continuous (or even Borel bounded) leafwise smooth Schwartz kernel with T -compact support, then R 
is t'^ trace class with {R) = ^ p^j,tr K}{{m,m,9)drhdv(9) . 

A similar statement holds for a leafwise operator in W*{V,T]E) with a Borel bounded leafwise smooth 
Schwartz kernel which is supported within a uniform C -neighbourhood, C € M, C > 0, of the diagonal of 
every leaf. 

Proposition 3.17. Let ■;/; : R ^ C be a measurable rapidly decreasing function. The the operator ijj{D) := 
{ijj{De))0eT satisfies the assumption of Proposition 3.1[\ (second item). In particular ip{D) has a bounded 
fiberwise- smooth Schwartz kernel and we have 

T''{i,{D))^ 1 tT{K^[m,m,9])dm dv{9). 

J FxT 
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Proof. Using pq |, Theorem 7.36 (which is in fact valid for any measurable rapidly decreasing function) 
we know that is bounded and fiberwise smooth and that ip{D) € W*{G,E) . Therefore it remains 



to show that ipiD) is t" trace class since then we can simply apply Proposition 3.15 (second item). But 
|'(/'(i^)| = IV'K^)! and 1-01 is a measurable rapidly decreasing function; therefore |'!/'(^)l has a bounded 
fiberwise smooth Schwartz and thus satisfies the assumptions of Proposition 3.15 (first item). We conclude 
that ip{D) is r" trace class. 

□ 

A statement similar to the one just proved holds for the leafwise Dirac-type operator D := [D i,) i^i^v / ■ 
In order to keep this paper to a reasonable size we state the corresponding proposition without proof. See 



Proposition 3.18. Let "0 : R — > C 6e a measurable rapidly decreasing function. Then the operator i^{D) := 
{il){D l)) i^fzv / j= is trace class, has a leafwise smooth Schwartz kernel which is bounded as a measurable 
section over the equivalence relation yJi^^y/jrL x L,and we have 

T^A^{D)) = / iv[K^{[m,e], [m,e]))dm dv{e) 

JfxT 

where now F x T is viewed as a subset in V . 

We are now in position to prove the main results of this section. 

Theorem 3.19. Let for simplicity -0 : M —> C be a Schwartz class function. Then 'ijj{T>m) G /C^,„(^^m) o-nd 
the element x^{4'{T^m)) G admits a finite r^^ trace and also a finite r^^^ trace. Moreover 

• T^„(Xm^(V'(2'm)) Tjr \{4'{DL))Lev/F\ whcrc {ijj{D l)) i^^y/ p is the corresponding element in the leaf- 
wise von Neu man n algebra W* (V, J^; E) and Tjr is the trace on this von Neumann algebra as defined 
in Subsection \2.^. 

{'4'{Dg))g^T where {ip{DQ))g(^T is the corresponding element in the regular von 



Neumann algebra W* (G, E) and t'^ is the trace on this von Neumann algebra as defined in Subsection 



2.4 



Proof. We know from Corollary 2.6 that r^^ = o tt"^. Therefore 

<.(X™ (1^(2?™)!)) = r^[(^"''ox™^)(|0(P™)|)] 

The last equality is a consequence of Proposition 3.3. Now, using Proposition 3.12| , we finally deduce 

rLiXram-D^nm - {^{0 l)) LeV / f) < 



Hence we see from Proposition |3. l| that Xm"'^(IV'(^m)|) is trace class and the same computation with instead 
of I '01 finishes the proof of the first item. The second item is proved repeating the same argument. □ 



4 Index theory 

Let M, r, and T be as in the previous sections and let {V,T), with V = M Xr T, the associated foliated 
bundle. We assume in this section only that the manifold M is even dimensional and hence that the leaves of 
our foliation are even dimensional. Let E he a continuous longitudinally smooth hermitian vector bundle on 
V and let E be its lift to M x T. Let D = {De)g^T be as in the previous section a P-equivariant continuous 
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family of Dirac-typc operators. The bundle E is Z2-graded. E ~ £'+ E , and the operator D is odd and 
essentially self- adjoint, i.e. 

and {DgY = Dg. Let D :— {Dl)l^v/f be the longitudinal operator induced by D on the leaves of the 
foliation {V, T). 

4.1 The numeric index 

We consider for each 6 the orthogonal projection fl^ onto the L^-nuU space of the operator . Similarly, 
on each leaf L, we consider the orthogonal projections IlJ onto the L^-nuU space of the operator D^. It is 
well known that these orthogonal projections are smoothing operators, but of course are not localized in a 
compact neighborhood of the unit space V ^ viewed as a subspace of the graph of the foliation equivalence 
relation. 

Proposition 4.1. 

• The family := (nJ)egT belongs to the regular von Neumann algebra Ty*(G, Moreover they 
are trace class operators. 

• The family 11* := i^^)L£V/F belongs to the leafwise von Neumann algebra W*{V,J-';E^). Moreover 
they are trace class operators. 

Proof. As we have already mentioned, for any Borel bounded function / : M ^ C, the operator f{D) (respec- 
tively f{D)) belongs to the von Neumann algebra W*{G^E) (to the von Neumann algebra W*{VtJ-\E)). 
Hence, n± belongs to W;{G,E^) and n± belongs to W*{V,T-E^). 

Recall on the other hand from Propositions 3.17 3.18 that is trace class and that is 



trace class. Hence the proof is complete since 

H = ne~-°' and H = He"^' . 

□ 

Definition 4.2. We define the monodromy index of D as 

ind:^iD):^r^{U+)-r^n-) (11) 

We define the leafwise index of D as 

ind:^„^„(i?):=r^(n+)-r^(H-) (12) 

As is elliptic, we can find a F-equivariant family of parametrices Q := {Qe)eeT of F-compact support 
with remainders i?+ and the remainder families are F-equivariant. smoothing and of F-compact support, 
i.e. 

R+=I-QD+ and R^=I-D+Q; R± e {G, E^) . 
We know that R± are both t'^ trace class. Let Q,R+,R^ be the longitudinal operators i nduce d on (V,J^); 



thus Q, R+ e W;{V, T\ E+) and i?_ G W;{V, J"; E-) with R± trace class, see Remark p.l6 . 
Proposition 4.3. For any e N, iV > 1, the following formulas hold: 

indUD) = T'^iR+)^ - r'^iR.f , ind^^Ji^) = r^(i?+)^ - r^(i?_)^ (13) 



Index, eta and rho invariants on foliated bundles 



33 



Proof. Let iV = 1; then the proof given by Atiyah in extends easily to the present context. Replacing 
the parametrix Q hy Q n (5(1 + R- + + • • • + R'l^^^, which is again a parametrix, reduces the general 
case to the one treated by Atiyah. 

□ 

Using these formulas we shall now sketch the proof of the precise analogue of Atiyah's index theorem on 
coverings. 

Proposition 4.4. The monodromy index and the leafwise index coincide: 

ind::p(^) = indl„,(7^) (14) 

Proof. Given e > we can choose a parametrix Q E '^'^^{G; , E^) with the property that the two 
remainders R± = {R±)e, £ T are such that each {R±)g is supported within an e-neighbourhood of the 
diagonal in Mg x Mg. Let TZ±^,n ■ £m ~^ be the induced operators on the ^m-Hilbert modules since 
R± are smoothing and of F-compact support we certainly know that 7i±^m are ^m-compact operators. Let 
:= Xni' {T^±-rn) G ! is simply given by the Schwartz kernel of R± and is in fact an element in 
. In particular has finite r^f^^ trace and r^^ trace. By arguments very similar (in fact easier) to those 
establishing Theorem 3.19| we know that 



T^(i?±) - <eg(x™^7^±,™) ^ <eg(A'±) , r^(i?±) ^ C(x™^7^±,„0 ^ C(A-±) . (15) 



Thus, from (13), it suffices to show that 

r.^g(i^^)=<v(^^). 

We can write 



T^^iK^) = I K^[m,7fi'y,e]dmdiy{9) 

= / K^[m,m,e]dmdv{e)+ [ V K'^[m,m-f,e]dmdiy{9) 

= <g(/^±)+/' K^[m,mi,O]dmd,.{0) 
Choosing e small enough we can ensure that [rh, rh-f, 6*] = V7 G ^(^^), 7 ^ e. The proof is complete. 



□ 



Remark 4.5. The possibility of localizing a parametrix in an arbitrary small neighbourhood of the diagonal 
plays a crucial role in the proof of the above Proposition. There are more general situations, for example 
foliated flat bundles M Xr T with M a manifold with boundary, where it is not possible to localize the 
parametrix. In these cases the analogue of Atiyah's index theorem does not hold. 

4.2 The index class in the maximal C*-algebra 

Let £)+ be as in the previous subsection. As before we consider a parametrix Q :— {Qe)geT G ^'^^ (G; E~ , E~^) 
with remainders i?+ and R- . The family Q defines a bounded ^m-linear operator Qm from £^ to £^ . The 
families R+ and i?_ define y^m-linear compact operators TZ±^m on the Hilbert modules £^ respectively. 
We now define idempotents p,po in M2 x 2 (A^^„ (^^^m ) 93 C) by setting 

7^2.,„ 7^+,„,(/ + 7^+,,„)Q™^^ _ /^o o 



We thus get a i^To-class [p — po] G A'o(/C^„, (fm))- 
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Definition 4.6. The (maximal) index class IND(I?m) G Ko{Bm) associated to the family D is, by definition, 
the image under the composite isomorphism 

of the class [p — po] . 

One also considers the index class in Ko{Am)'- 

Ind(I?„0 := M-,UmD{Vm,)) G i^o(An) (17) 



with A^max : Ko{Am) ^ Ko{l3m) the Morita isomorphism considered in Proposition 2.1C 



Recall now the morphisms r^^ ^ : KQ{Bjn) C and r^^^g ^ : Kg^Br) C. Using the natural morphism 
Ko{Bm,) KQ{Br) we view both morphisms with domain KQ{Bm)- 

<,^, : Ko{B,n) ^ C , : Ko{B.m) ^ C (18) 

Recall also that using the natural morphism A'o(.4,„) KolAr) we have induced morphisms 

<,^, : KoiA^m) ^ C , : i^o(A„) ^ C (19) 

Proposition 4.7. Let IND(Pm) G Ko{Bm) o-nd Ind(P,„) G K(){Am) be the two index classes introduced 
above. Then the following formulas hold: 

md'^piD) = T,';g^,(IND(I?™)) = <,g,,(Ind(P™)) (20) 
indl^jZ?) = <,^,(IND(I?„0) = <,,,(Ind(I?,„)) (21) 

Consequently, from (p^, we have the following fundamental equality: 

<,g,,(Ind(P™)) = C^,(Ind(I?™)) (22) 

Proof. We only need to prove the first equality in each equation, for the second one is a consequence of the 
definition of Ind(I?,„) G Ko{Am) and the compatibilty result explained in Proposition 2.10| . For the first 
equality we apply ( p^ ) with N ~ 2 and the parametrix Q. Using now (|l^), ( p^ ) we get 

ind::p(^) = TmR+r) - r^((i?_)2) = T,';g((7^+.„)2) - <,g((7^_,™)2) = <3g,.(IND(I?„)) 

The proof of the other one is similar. 

□ 



Remark 4.8. The equalities in Proposition can he rephrased as the equality between the numeric C* - 
algebraic index and the von Neumann index. Notice once again that there are more general situations where 
this Proposition does not hold, in the sense that there exists a well defined von Neumann index hut there does 
not exist a well-defined C* -algebraic index we can equate it to. The simplest example is given by a fihration 
of compact manifolds L ^ V ^ T with V and L manifolds with boundary. The von Neumann index defined 
by the family of Atiyah-Patodi-Singer boundary conditions is certainly well defined (this is the integral over 
T of the function that assigns to 9 £ T the APS index of D'^ ). On the other hand, unless the boundary 
family associated to {D'^)g^T is invertible, there is not a well defined Atiyah-Patodi-Singer index class in 
KoiCiT)) = K\T). 
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4.3 The signature operator for odd foliations 

We briefly review the definition of the leafwise signature operator in the odd case. RecaU that when 
dim(M) = 2m — 1, the leafwise signature operator is defined as the operator D^'S" acting on leafwise 
differential forms on V, defined on even forms of degree 2k by 

^sign ^ O d - do *), 

and on odd forms of degree 2k — 1 by 

Z)^7 = i-(-l)™-fc(do* + *od), 

where d is the leafwise dc Rham differential and * is the usual Hodge operator along the leaves associated 
with the Riemannian metric on the foliation p6| . An easy computation shows that the two operators D^^^^ 
and -D|'^" are conjugate so that their invariants coincide and it is sufficient to work with one of them. In 
contrast with 1^, D^^'S" ^[\\ i^g ^j^g sequel the operator Using the lifted structure to the fibers of the 

monodromy covers M x {9} of the leaves, we consider in the same way the F-cquivariant family of signature 
operators D^^^a _ (l)^'sn-j^^^ which actually coincides with the lift of D'^'S" as can be easily checked. The 
following is well known, see [||, |^ for the first part and for the second: 

Recall that the Ki index of D'^'S" jg tj^Q class of the Cayley transform of ZJ'^'sn ^ foj- instance |^ . 

Proposition 4.9. The operator ZJ'^'sn jg leafwise elliptic essentially self-adjoint operator whose Ki index 
class is a leafwise homotopy invariant of the foliation. 

The square of D^'S" jg proportional to the Laplace operator along the leaves and hence it is leafwise 
elliptic. The proof that -D^'f" is formally self-adjoint is straightforward, see and classical elliptic theory 
on foliations of compact spaces allows to deduce that it is essentially self-adjoint. Now D^^^'^ is unitarily 
equivalent to Df^'^ and hence is also formally self-adjoint. We shall get back to the index class later on. The 
homotopy invariance means that if / : (V, J^) {V' , JF') is a leafwise oriented leafwise homotopy equivalence 
between odd dimensional foliations, then with obvious notations we have 

Ind(i:»"'sn) ^ lnd(i:>^'sn') 
where /* is the isomorphism induced by the Morita equivalence implemented by / . 



5 Foliated rho invariants 

Recall that T is a compact Hausdorff space on which the discrete countable group T acts by homeomorphisms, 
M is a compact closed manifold with fundamental group F and universal cover M and that V = M XrT is 
the induced foliated space. We are also given a Borel measure ly on T which is F-invariant. We assume in 
the present section that M is odd dimensional and whence that the leaves of the induced foliation T of V 
are odd dimensional. We fix as in the previous section a Dirac-type operator along the leaves of the foliation 
{V,!F) acting on the vector bundle E. We denote by D this operator acting leafwise, so Z? = {Dl)l£V/f 
where each is an elliptic Dirac-type operator on the leaf L acting on the restriction of E to L. We also 
consider the lifted operator D to the monodromy groupoid G of the foliation {V, F) as defined in Section 



3.2. More precisely, D ~ {De)e<£T is a F-equivariant continuous family of Dirac type operators on M. 



5.1 Foliated eta and rho invariants 

The construction of foliated eta invariants was first given independently in the two references p5| and 
the two definitions work in fact for general measured foliations. Notice that |Q works with the measurable 
groupoid defined by foliation, whereas | |4l} | works with the holonomy groupoid. As we shall clarify in a 
moment, the choice of the groupoid does make a difference for these non-local invariants. We give in this 
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paragraph a self-contained treatment of these two definitions following our set-up. but using the monodromy 
groupoid instead of the holonomy groupoid considered in pl| . 

We denote by kt and kt the longitudinally smooth uniformly bounded Schwartz kernels of the operators 
(ptiD) and (ptiD) obtained using the function ^t{x) '■= s 



for t > 0. See Lemma [3.17[ 



Lemma 5.1. (Bismut- Freed estimate) There exists a constant C > such that for any {rh,6) Cz AI xT, we 
have: 

\tT{kt{[rh,d],[m,9]))\ <C and \tT{kt{[m,rh,d]))\ < for t < 1. 

Proof. A proof of these estimates appear already in We give nevertheless a sketch of the argument. 
The Bismut-Freed estimate on a closed odd dimensional compact manifold M is a pointwise estimate on the 
vector-bundle trace of the Schwartz kernel of D exp{—t^D^) restricted to the diagonal. See the original article 
[ p^ but also |3^. As explained for example in the latter reference the Bismut-Freed estimate is ultimately 
a consequence of Getzler rescaling for the heat kernel of a Dirac laplacian on the even dimensional manifold 
obtained by crossing M with S^. Since these arguments are purely local, they easily extend to our foliated 
case, using the compactness of V := M Xr T in order to control uniformly the constants appearing in the 
poinwise estimate. □ 

The operators and (as well as the operators |D| and \D\) are non negative operators which are 
affiliated respectively with the von Neumann algebra W*{V, E) and the von Neumann algebra W*{G; E). 
(This means that their sign operators as well as their spectral projections belong to the von Neumann 
algebra.) Moreover, according to the usual pseudodiffcrential estimates along the leaves (see for instance 
Q, [H), the resolvents of these operators belong respectively to the C*-algebras K.{W*{y,T;E),Tjr) of 
T^-compact elements in W*{V,T;E) and 1C{W*{G]E),t'') of r'^-compact elements of W*{G;E). We recall 
that these compact operators are roughly defined using for instance the vanishing at infinity of the singular 
numbers, and we refer, for example, to H for the precise definition of these ideals. Set 



-\-oo 



XdEx and 



-\-oo 



XdEx 



for the spectral decompositions in their respective von Neumann algebras. So E\ and E\ are the spectral 
projections corresponding to (— cx3. A). Since the traces are normal on both von Neumann algebras, 

N{\) = C(i?A) and N{\) = <,g(^A), 

are well defined finite (Proposition in the next subsection) non-decreasing and non-negative functions, 
which are right continuous. Hence there are Borel-Stieljes measures ■& and i9 on R, such that: 

r'AfiD))^ I /(a;)d^(x) andT^(/(^))= / /(x)d^(x). 



for any Borel function / 
to be (T-finite. 



[0, +oo]. Since N and N are finite, the measures i? and § are easily proved 



Proposition 5.2. The functions t Tjr{De * ^ ) and t > T^{De * ^ ) are Lebesgue integrable on 
(0,+oo). 



Proof. We have 



\r:^{De 



and iT^iDe-' ^')\ < TmD\e~'''''). 



Therefore and since the function 



X ^ \x\e 



is rapidly decreasing, we know from Propositions 3.17 and 



3.18 that for any t > 



,^(|L>|e-* ^") < +00 and {\D\e-' ^ ) < +oo 
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We also have the formulae 

T^{\D\e-'^°^) = [ V^e-*'^di?(a;) and i\D\e-'^^^) ^ [ ^e-*''^ d§{x). 

Therefore, by ToncUi's theorem 

p+oo poo poo 

Ji Jo Jl 

poo 



The same proof show that 



On the other hand, we have 



-1 poc poo 

= - Vie-^ / x-^/\u + xy^/^e-"" dudd{x) 
2 Jo Jo 

- ^ (/ e-'^d^ix)^ (^J^ w-i/2e-"(iM^ 
T-'i\D\e-*'^')dt < +O0. 



1 



T^{De-' ^ )\dt < / / \tr{kti[m,e],[A,9])\dmdiyi9)dt 

Jo JfxT 

< [ [ Cdmdv{e)dt 

Jo JfxT 

= C X vo\{V, dm ® v) < +00. 
Again, the same proof works as well for the regular trace and the regular von Neumann algebra. □ 

We are now in position to define the foliated eta invariants. 

Definition 5.3. We define the up and down eta invariants of our longitudinal Dirae type operator by the 
formulae 

:= -= / r''{De-' ^ )dt and vLUD) := / r^(7^e-* ^ )dt. 
Jo Jo 

Since the traces on both von Neumann algebras are positive, the two eta invariants are real numbers. 

Definition 5.4. The foliated rho invariant associated to the longitudinal Dirae type operator D on the 
foliated fiat bundle (V, J-) is defined as 

with D the lift of D to the monodromy cover. 

We are mainly interested in the present paper in the leafwise signature operator D'^'sn and its leafwise 
lift to the monodromy groupoid In this case, we can state the following convenient result. 
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Lemma 5.5. Denote by Aj the Laplace operator on leafwise j-forms. Then the foliated eta invariant of 
the operator D^'S" on {V, J-) is given by 

1 r+oo -1 p+oo 

Ty-'p^'sn.y^jT) = / T^{^de~t A„_i)^^ ^ / TUd*e-''^"^)dt. 
J a V^^ Jo 

Similar statements hold for the lifted family D'^'S" 

Proof. This is an immediate consequence of a straightforward leafwise version of the computation made in 
67-681. □ 



5.2 Eta invariants and determinants of paths 

We review the notion of determinants of paths, adapting the work of de La Harpe-Skandahs to our 
context. Recall that M is odd dimensional. For any von Neumann algebra M endowed with a positive 
semifinite faithful normal trace r, we denote by L^{M.,t) the Schatten space of summable r-measurable 
operators in the sense of Recall that L^(A1, r) n A1 is a two sided *-ideal in M.. By Propositions 3.17] , 



3.18 we have for any rapidly decreasing Borel function -0 

i^{b) := {iibe))e^T & L\W:{G■E),T^)C^W:{G■E) 
i^{D) := {^{DL,))eeT € L\w;{V,T-E),t^^) n W:{V,T-E). 

We set D = U\D\ and D ~ U\D\ for the polar decompositions in the corresponding von Neumann algebras. 
Then, this decomposition obviously coincides with the leafwise decompositions 

be = Ue\bg\ and Dl = Ul\Dl\. 

For any 9 Cz T with L ~ Lg, we write the spectral decompositions: 

r+oo r+oo 

\be\^ / XdEi and \Dl\ = / XdE^. 
Jo Jn 



As we have already remarked, the collection of partial isometrics U = {Ue)eeT (resp. U = {ULg)eeT) as 

~^i)geT (resp. Ex = (Ej;^ 



well as that of spectral projections E\ = {E^)g^T (resp. Ex = {E^'')e^T), all belong to W*{G\E) (resp. 



Wt{V,T;E)). 

Proposition 5.6. We have t^{Ex) < +oo and t^{E\) < +oo for any X e R+. 

Proof. We know that for any A < the operator (|-D| — A)~"^ is r'^-compact in W*{G; E). In the same way, 
the operator {\D\ — A)"-^ is r^-compact in W*{V,T;E) jlj. Hence the spectral projections of {\b\ — X)~^ 
are r'^-finite and the spectral projections of {\D\ — A)^^ are r^-finite. This completes the proof. □ 

For any i > 0, the t-th singular number of the operator D with respect to the probability measure v is 
defined by || 

p.t{b) = -mi{\\\b\ptp = f=p* e W:{G;E) and J^tT{M^{I - pe)M^)di^{0) < t}. 
In the same way, we define 

fit{D)^m{{\\\D\plp^p^ ^p* e W:(y,T;E) and / triM^il - pL,)M^)diyi0) < t}. 
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From Proposition wc deduce that < fJ.t{D) ~ fit{\D\) < +00 and < ^J.t{D) = fit{\D\) < +00. The 
spectral measure of \D\ with respect to the probabihty measure v is denoted fl, while the spectral measure 
of \D\ is denoted ^. So for D for instance we have 

l-i{B) = / tr{M^l b{\D Lg\)M^)di'{9) , for any Borel subset B of the spectrum of |D| and 
Jt 

il{B) = / tT:{M^\^(\bg\)M^)dv{e), for any Borel subset B of the spectrum of \b\. 
Jt 

We denote by IK-E.Tcg (resp. X/C^.triv) the subgroup of invertible operators in W*{G;E) (resp. in 
W*{V, E)) which differ from the identity by an element of the ideal JCiW; (G; E), t") (resp. JCiW; (F, T; E), 
The subgroup of bounded operators which differ from the identity by a r'^-summable (resp. r^-summable) 
operator will be denoted TL\. (resp. TL\. ^^^^). 

Whenever possible we shall refer to both von Neumann algebras W*{G;E) and W* {V, E) 
as Ai. We shall then use the notation TIC (resp. TL^) and denote by t the corresponding trace. 

Lemma 5.7. The spaceTL^ (resp. TIC) is a subgroup of the group of invertibles GL(A^) of the von Neumann 
algebra M . 

Proof. We only need to check the stability for taking inverses. Let then / + T be an invertible element in 
M such that T G L^{M,t) (resp. JC{M,t)). Then we can write 

{I + T)-^ -I={I + T)-\I-{I + T)) = -{I + T)-^TeL\M,T) ( resp. JC{M,t)). 

□ 

Proposition 5.8. Let 7 : [0, 1] TIC be a continuous path for the uniform norm. For any e > 0, there exists 
a continuous piecewise affine path 7^ : [0, 1] TL^ such that for any t £ [0, 1] we have \\^{t) — 'Je{t)\\ < e. 
Moreover, if '^{0) and 7(1) belong to TL^ , then we can insure that 7e(i) = 7(i) for i = 0, 1. 

Proof. Since 7 is continous for the operator norm, we can find 6 > such that 

\t^s\<S^\\j{t)-j{s)\\<e/3. 

We subdivide [0, 1] into = xq < a;i < • • • < .t„ = 1 so that \xj^i — Xj\ < d for any j. On the other hand, 
the ideal L^{Ai,T) n is dense in IC{M,t) for the uniform norm. Therefore, for any j = 0, • • • , n, we can 
find 7e(a;j) e B{j{xj),e/9), the ball centered at jixj) with radius e/9, such that 7e(a;j) S TL^. We then 
define a path 7^ : [0, 1] — > TL^ which is afhne on every interval [xj, Xj^i] and prescribed by the values j^{xj) 
for .? = 0, • • • ,n. The path ^y^ is then continuous and differentiable outside the finite set {xj,j = 0, • • • ,n}. 
Moreover, for t e [xj,Xj^i] we have 

Hit) ~ 7,(a;,)|| = t X i|7e(.T,+i) - 7e(a-,)|| < \\l.[x,^^) ~ 7,(x,)|| < ||7(a^,+i) - 7(a^,)ll + 2e/9 < 5e/9. 
Therefore, 

\\l{t) - im\ < hit) - lixj)\\ + \hixj) - 7,(x,)|| + ||7,(.T,) - 7,(i)|| < e/3 + e/9 + 5e/9 = e. 

□ 

Definition 5.9. Given a continuous piecewise path 7 : [0,1] TL^ for the L^-norm in M, we define 
the determinant w'^ {"/) by the formula 

w^^) [\m-'^'it))dt. 
27rv — 1 Jo 

When Ai is W*{G,E) this determinant will be denoted by it'" (7) while when A4 is equal to 
W*{V,T;E) this determinant will be denoted w^(7). 
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We summarize the properties of the determinant in the foUowing 
Proposition 5.10. Let 7 : [0, 1] —f TL^ he a continuous piecewise path for the L^-norm. 

1. Assume that 

|l7(<)-/|li < 1, for any t^ [0,1]. 
Then, for any t G [0, 1] the operator Log(7(i)) is well defined in the von Neumann algebra and we have 

w^j) ^ [r(Log(7(l))) - r(Log(7(0)))] . 

2. There exists > such that for any continuous piecewise path a : [0, 1] XL^ for the norm, 
with 

\\a(t) — 7(t)||i < and a{i) ~ 7(i), i = 0, 1, 

we have w'^{a) = w'^{"f). 

3. If J is a continuous piecewise path for the uniform norm, then the determinant w'^ {j) is well defined. 
Moreover, w'^ (7) only depends on the homotopy class of 7 with fixed endpoints and with respect to the 
uniform norm. 

Proof. This proposition is a straightforward extension of the corresponding results in | p9[ . We give a brief 
outhne of the proof here for the benefit of the reader. It is clear in the first item, since t is a positive trace, 
that the function 1 1— > Log(7(<)) is well defined (using for instance the series) and is a piecewise smooth path. 
Moreover, we have 

|r(Log(7(t))=r(7-^W^W- 

This completes the proof of the first item. 

Let a be a continuous piecewise path satisfying the assumptions of the second item. We consider the 
continuous piecewise loop /3 : [0, 1] XL^ given by (3{t) = j{t)~^a{t) which satisfies /3(0) = /3(1) = /. 
We have 

||/3W-/||i<ll7(r'l|x||7W-/3WI|i. 

Therefore, with — ^ \, u\-u\ , we are done using the first item. 

The rest of the proof is similar and is omitted. □ 

Definition 5.11. Let 7 : [0,1] XJC be a continous path for the uniform norm such that 7(0) and 7(1) 
are in XL^. We define the determinant w^(7) by w'^{'y) := w'^{a), for any continuous piecewise path 
a : [0, 1] —f XL^ such that 

\\a(t) — 7(t)||i < and a{i) — 7(1), i = 0, 1. 
Remark 5.12. It is clear from the previous proposition that the above definition is well posed. 
We now set 

>f{x)~^f e'^'ds, Vt(a;) -e*'^'^^*^^ and /t(x) := xe"*'^' for a; G R, and any t > 0. 
V"' Jo 

Then the function 1 — ipt, the derivative ip'^ and the function /( are Schwartz class functions for any t > 0. 
Using the results of the previous sections, we deduce that the operators / — ipt{T^ni), V't '(2?m) and ft{X>m) 
are y^m-compact operators on the Hilbert module £„. Moreover, their images under the representations 
in the von Neumann algebras W* (G; E) and W* (V, E) are trace class operators. Note also that the 
operator iptiT>7n) is invertible with inverse given by — e~*'^'^(*^'"), so ipt{I^m) is a smooth path of invertibles 
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in I/C^,„ {£m) whose image under tt''^^ o x„i^ in W*^^{G; E) is also a smooth path of invertibles in TL^ . 
The same resuk holds for the image under tt"" o in W*{V, T\ E). We denote by 

7^'=«(I?„0 EE (7r'(I?™))t>o := ((tt'-^ o xrn')(V^tP™))),>o 

and 

the resulting smooth paths in the two von Neumann algebras. Using the traces t'^ and r^, we define 
<eg,.(25™) ^^''(7'-'=^'^(2?„0) and <,,,(I?„0 := u;^(7"^'^(I?™)). 

with Y°s^'{Vra) the path ((^'■^9 o x;n^)iM'Drn)))lfJ" and similarly for 7""'^Pm) 
Theorem 5.13. The following relations hold: 

l™<og,e(Au) = ^Vup{D) and \hnwl^^,{V^) = ^?7dow„(-D) 

and hence 

2p^{D-V,T) = limK%.e(25™) - 
Proof. We have by definition and by straightforward computation 



But we know by Proposition 3.12 that 

{^"'^ox-^)[h{V^)) = Ut{be))eeT, 
where {Dg)e^T is the F-invariant Dirac type family. Hence we get 

7r^(P„0-i|7rn25r„) = 2^V^{ft{De))o^T, 

where this equality holds in the von Neumann algebra W*(G;E). Applying the trace r"^, integrating over 
(0, +oo) and dividing by 2i7r, we obtain 



lim <g^,(I?,„) = hm^ = ^ T''{{h{De))e^T)dt^\'^^^{b) 

The proof of the second equality is similar and one uses the equality 

('r^^°X™)(/tP>n)) = (/tpL))LeV/F 



which is proved in Proposition 3.12 . □ 



6 Stability properties of p'^ for the signature operator 
6.1 Leafwise homotopies 

Let r, T and AI be as in the previous sections. Let V :^ M Xr T be the associated foliated flat bundle. 
Assume that Af ' is another F-coverings and let T' be a compact space endowed with a continuous action of 
F by homeomorphisms. We consider M' x T and the foliated flat bundle V := M' XpT. 
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Definition 6.1. Let {V,J-) and {V',J-') be two foliated spaces. A leafwise map f : {V,J-) {V',T') is a 
continuous map such that 

• The image under f of any leaf of (V, JF) is contained in a leaf of (y,jF'). 

• The restriction of f to any leaf of (V, J-) is a smooth map between smooth leaves. 

Remark 6.2. 1. We do not assume, that the leafwise derivatives to all orders of f are also continuous. 

2. If V and V' are smooth manifolds and f : V ^ V is a differentiate map, then f is a leafwise map if 
and only if f^ : T{V) T{V') sends TT to TT' . 

Roughly speaking, a leafwise map induces a "continuous map" between the quotient spaces of leaves. 
When the foliations are trivial, a leafwise map f : M x T ^ M' x T' is given by 

/(m, 61) = {h{m, e),k{9)), (m, 6) e M x T, 

where k and h are continous and h is smooth with respect to the first variable. In the case of foliated bundles 
considered in the present paper, i.e. 

V = M XrT and V = M' Xp' T', 

we obtain a leafwise map / : V V as a continuous lift of a map (p : T/T T' /T' which satisfies the 
regularity properties of Definition 6.1. 

An easy example of a leafwise map occurs when / is the quotient of a leafwise map f : M x T ^ M' x T' 
between the two trivial foliations, which is (F, r')-cquivariant with respect to a group homomorphism a : 
r ^ r'. We shall get back to this example more cxplicitcly later on. It is easy to construct a leafwise map 
between V and V' which is not the quotient of a (F, F') equivariant leafwise map /. Moreover, if / exists 
then it is not unique: indeed, for example, if (5 G Z{T) C F is an element in the center of F, then the leafwise 
map fs f o S* (where 5* : M xT ^ M xT is the diffcomorphism induced by the action of S on the right), 
is equivariant with respect to the same homomorphism a : F — s- F' (because S € ^(F)) and also induces /. 

Given a foliated space (V, J-) in the sense of [Q, a subspace W of (V, T) will be called a transversal to the 
foliation if for any w & W there exists a distinguished neighborhood of u; in ^ which is homeomorphic 
to MP X {Uw n W). Then one can show that the intersection of W with any leaf L of {V,!F) is a discrete 
subspace of L, that is a zero dimensional submanifold of L. Such a transversal is complete if it intersects all 
the leaves. In our example of foliated bundle V = M Xt T , any fiber of ^ Af is a complete transversal 
which is in addition compact, and any open subset of such fiber is a transversal. 

Definition 6.3. 1. Let {V,T) be a foliated space. Two leafwise maps f,g : iV,J-) —>■ (V^', JF') are leafwise 
homotopic if there exists a leafwise map H : (V x [0, 1],.F" x [0, 1]) {V',J^') such that iJ(-,0) ~ f 
and H{-, 1) = g. 

2. Let {V,J-) and [V ,!F') be two foliated spaces. A leafwise map f : {V,J-) — > {V',!F') is a leafwise 
homotopy equivalence, if there exists a leafwise map g : (V',J-') — s- {V,J-) such that 

• g o f is leafwise homotopic to the identity of {V,!F). 

• f o g is leafwise homotopic to the identity of {V' ,J-'). 

3. We shall say that the foliations {V,J-) and {V' ,!F') are (strongly) leafwise homotopy equivalent if there 
exists a leafwise homotopy equivalence from [V^T) to {V ,!F'). 

Note that according to the above definition, the homotopies in (2) are supposed to preserve the leaves. 

It is a classical fact that two leafwise homotopy equivalent compact foliated spaces {V,T) and [V 
have necessarily the same leaves dimension Note also that each leafwise homotopy equivalence sends a 
transversal to a transversal. 
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Lemma 6.4. A leafwise homotopy equivalence induces a local homeomorphism between transversals to the 
foliations. 

Proof. See also Q. Let / be the leafwise homotopy equivalence with homotopy inverse g, and denote by 
h : [0,l]xV ^ V the C°°'^ homotopy between gf and the identity. Let w G V. Let W be an open transversal 
of {V,J-) through w E W. Take a distinguished chart U' in {V',J-') which is an open neighborhood of /(w) 
and which is homeomorphic to D' x W' for some transversal W' at f{w). Then one finds an open distinguished 
chart U in {V,J-) such that f{U) C U' . Reducing W if necessary we can assume that U is homeomorphic 
to D xW for some disc D. Now. it is clear that since / is leafwise, it induces a map f : W W . By the 
same reasonning, we can assume furthermore that g{U') is contained in a distinguished chart Ui in (V, J-"), 
homeomorphic to Di x Wi . 

The homotopy h induces a continous map h : W ^ Wi and this map (or its reduction to a smaller 
domain) is simply the holonomy of the path t i— > h(t,w). Hence h is locally invcrtible and it s clear that 
h~^g is a continuous inverse for /. □ 

When V = M Xr T and V = M' Xr> T' , a particular case of leafwise homotopy equivalence is given by 
the quotient of an equivariant leafwise homotopy equivalence between M x T and M' x T' . Recall that a 
fiberwise smooth map f : M x T ^ M' x T' is a continous map which can be written in the form 

/(m, 61) = {h{m, e), k{e)), {rh, 6) € M x T, 

with h smooth with respect to the first variable. If a : F ^ F' is a group homomorphism, then the fiberwise 
map f : M xT ^ M' X T' is a-equivariant if /((m, 61)7) = (/(m, e))a["i). 

In the following definition we extend the action of F and F' on M x T and M' x T' to M x [0, 1] x T and 
M' X [0, 1] X T' respectively, by declaring the action trivial on the [0, 1] factor. 

Definition 6.5. We shall say that f : {V,J-') —>■ (y, JF') is a special homotopy equivalence if there exist 
continuous maps f : M x T ^ M' x T' , g : M' x T' ^ M x T , H : x [0,1] x T ^ M x T , H' : 
M' X [0, 1] X T' ^ A/' X r', and group homomorphisms a : F — > F', /3 : F' ^ F such that: 

• /, g, H and H' are fiberwise smooth; 

• / is a-equivariant; g is (3 -equivariant; H is T -equivariant, H' is V -equivariant; 

• the restriction of H to M x {0} x T (resp. of H' to M' x {0} x T' ) is the identity map and the 
restriction of H to M x {1} x T (resp. of H' to M' x {1} x T' ) is go f (resp. fog); 

• f : {V, T) ^ {V, T') IS induced by f : M x T ^ M' x T' . 

If there exists such a special homotopy equivalence, we say that {V, and {V, J-') are special homotopy 
equivalent. 

Lemma 6.6. If the pairs (V,J-) and (V',J-') are special homotopy equivalent, then they are leafwise homo- 
topic equivalent. 

Proof. The equivariance of H and H' with respect to a and f3, and the trivial action on the [0, 1] factor, 
allows to induce leafwise maps H : V x [0, 1] ^ y and H' : V' x [0, 1] V by setting, 

H{[m,e];t) [H{m,t,e)] and H' {[rh' ,e']-t) := [H'{Th',t,e')]. 

In the same way the maps / and g induce leafwise maps / and g which are leafwise homotopy equivalences 
through the homotopies H and H' . □ 

Lemma 6.7. /// : {V,J^) —^ (V^',JF') is a special homotopy equivalence induced by f{m,9) = {h{rh,9),k{9)) 
as in the previous definition, then a : T V is an isomorphism and k : T ^ T' is an equivariant 
homeomorphism. 
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Proof. Let / and g be equivariant leafwise smooth maps which give a special homotopy equivalence as in 
the above definition. We denote by k and fc' the continuous equivariant maps induced by / and g onT and 
T' respectively. So, 

fc : T ^ T' and fc' : T' ^ T. 

Since our homotopies send leaves to leaves, the composite maps k' ok and kok' are identity maps. Moreover, 
if a and (3 are the group homomorphisms corresponding to the equivariance property of / and g respectively, 
then the homotopy H satisfies 

H{{m,t,0)-f) = H{m,t,9){f3oa){-f), Vt G [0,1]. 

Therefore, applying this relation to t ~ 0, we get [3 o a ~ idp- The same argument gives the relation 
ao /3 = idr' ■ □ 

Remark 6.8. As already remaked, easy examples show that the foliations {V,J-) and {V',J-') can be leafwise 
homotopy equivalent with non isomorphic groups T and V and non homeomorphic spaces T and T' . 



6.2 p'^(y,J-') is metric independent 

We fix a continuous leafwise smooth Riemannian metric g on {V,F). g is lifted to a F-equivariant leafwise 
metric ^ on M x T, see ||3^. So g = {g{0))g,^T, where g(9) is a metric on M x {0} and we assume that this 
structure is transversely continuous and equivariant with respect to the action of F. In what follows we shall 
refer to the bundle of exterior powers of the cotangent bundle as the Grassmann bundle. Consider the F- 
equivariant vector bundle E over M x T, obtained by pulling back from V the longitudinal Grassmann bundle 
E of the foliation (V, JT). Assume for the sake of simplicity of signs that the dimension of M is 4^ — 1 that 
is in the notations of Section ^, m ~ 21. Consider the associated F-equivariant family of signature operators 
(£)g'^")6igT associated with g, as defined in Section^. We denote by D^^^^ the longitudinal signature operator 
on (y, T) associated with the leafwise metric g acting on leafwise 21— \ forms. 



Recall that v is a, F-invariant Borel measure on T. We have defined in Subsection 5.1 a foliated rho- 
invariant p'^{D^^^^\V^J-). We want to investigate the behavior of p'^{D^^^^;V,J-) under a change of metric 
and under a leafwise diffeomorphism. First, we deal with the invariance of with respect to a change of 
metric. Up to constant, we can replace p^{D^^^^\ V-,^), as it is usual, see ||l^, by the p invariant of the 
foliation {V, T) defined as: 



1 /-OO r 

Vi" Jo L 



dt 

71' 



where A and A are the Laplace operators on leafwise 2£ — 1 forms, associated with the metrics g and g. 

Proposition 6.9. Let T, M, T, v and (V,.F) he as above. Let {gu)ue\o.\\ be a continuous leafwise smooth 
one-parameter family of continuous leafwise smooth metrics on {V,J-). Then 

p''iV,T;go)^p''iV,T;gi) (23) 

Proof. The proof of this proposition in the case where T is reduced to a point was first given by J. Cheeger 
and M. Gromov in The Cheeger-Gromov proof extends to the general case of measured foliations and 
in particular to the case of foliated bundles and we proceed to explain the easy modifications needed for 
foliated bundles. Let Z)„, for < m < 1, be the leafwise operator on 2^ — 1 leafwise differential forms of 
{V, T), given by = o d, where d is the leafwise de Rham operator and is the leafwise Hodge operator 
associated with the metric gu. It is easy to see that u ^ T!^{Due~*^") is smooth. Since V is compact, the 
elliptic estimates along the leaves are uniform and we have for instance 

7^(e"'■'^«) C Dom(A„), Vr > and u e [0, 1]. 
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Here TZ denotes the range of an operator and Dom the domain. Therefore, we can follow the steps of the 
proof in jl5| and deduce the fundamental relation 

Using integration by parts, we then deduce 

Using the normality of the trace and the spectral decomposition in the type Hoc von Neumann algebra 
W;(y,J^;E), we deduce that 

lim 2VAT^{^{0)de-^^°) ^ 0. 

Now, the same estimates are as well valid in the type IIoo von Neumann algebra W*{G; E) with the normal 
trace . Hence, we are reduced to comparing the limits as e ^ of the difference 

2Vir^( — (0)de-^^«) - 2Vir''( — (O)de"^^''). 
du au 

Replacing the heat operators by corresponding parametrices which are localized near the units V, in the two 
groupoids involved, see for instance ||l7|] , the limit of the two terms in the above difference is proved to be 
the same by classical arguments, which finishes the proof. □ 



According to the previous Proposition we can now denote by p'^{V,T) the signature rho 
invariant associated to any metric as before. All the leafwise maps considered in the rest of 
the paper are assumed to respect the orientations. 

If we are now given a leafwise smooth homeomorphism / : V — > V , then we can transport the leafwise 
metric g from V to f^g on V' and form the corresponding signature operator ZJ'^'sn ' along the leaves of 
{V',T') and also the F-equivariant signature operator D^^sn ' _ (I)>^'S" corresponding to the hfted 

F-invariant metric. Finally, the F-invariant measure v on T, yields a holonomy invariant transverse measure 
A(j/) on the foliation (y,!F). The leafwise diffeomorphism / sends transversals to transversals and allows to 
transport the measure A{v) into a holonomy invariant transverse measure /»A(i^) on {V , J-'). Such a measure 
yields by restriction to a fiber a F'-invariant measure i^' on T' so that /»A(j/) = A{iy'). More precisely, a fiber 
V^, of the fibration V' M' is a transversal to the foliation T' and hence the holonomy invariant transverse 
measure f^,K{v) restricts to a measure on V^, . On the other hand, by fixing mg with [jtiq] = TOq we get an 
identification of V^, with the space T' . It is an easy exercise to check that the corresponding mesure on T' 
through this identification is F'-invariant and that the associated holonomy invariant transverse measure on 
the foliation {V' ,J-') is precisely f^,K{v). 

Proposition 6.10. With the above notations, we have the following equalities for the eta invariants associ- 
ated with the two signature operators D^'S" Q^^id ZJ'^'sn ' . 

v:^oUD'''n = ^^downi^^'^" ') <p(^^'^") = ')• 

Proof. Let us prove, for example, the second equality (the first one will be obtained in a similar way). Let 
W be the regular von Neumann algebra associated to {V,!F), the vertical Grassmann bundle E and g. Let 
T be the trace defined by g and ly and let W and r' be the corresponding objects, associated to {V',J^'), 
f^,g and the transported measure ly' under the leafwise diffeomorphism /. The leafwise diffeomorphism / 
lifts to a leafwise diffeomorphism / between the monodromy groupoids G and G' . More precisely, for any 
X € V f lifts to a diffeomorphism fx '■ Gx ^'f(x) which induces, by the pull-back of forms, a unitary 
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Ux between the spaces of L^-forms. Recall that the metric on {V',T') is f^,g. The signature operator on 
^f{x) associated with the metric f^,g is easily identified with the push-forward operator under /, that is the 
conjugation of the signature operator on by the unitary Ux- Hence the functional calculus of D^'sn '^^^^ 
is also the conjugation of the functional calculus of -D^'^" by Ux- So, in particular, for any x &V we have 

Now, by definition of the trace t' associated with the image measure v' , one easily shows that 
r'iUxD'':^''eM-tiDtn')Ux') = r^^'sn ,^p(_^(^sign)2)) 

Therefore, the f^,K{v) measured eta invariant of the G'-invariant family (D'^'S" as defined by Peric 

in 1^ coincides with the measured eta invariant of the G-invariant family {D^^^^)x^v - On the other 
hand and as we already observed, these measured eta invariants coincide with ours for the F'-invariant and 
F-invariant families of signature operators on M' x T' and A4 x T respectively. Hence the proof is complete. 

□ 

Corollary 6.11. Let {V^T, v) and {V' ,!F' , v') he two foliated bundles as above and assume that there exists 
a leafwise smooth homeomorphism between {V^T) and {V' ^T') such that f^iy = v' . Then 

P^{V,T)^P^\V',T')- 

Proof- We use the two previous propositions. The first one allows to compute p'^iV^T) using any metric g- 
Then we apply the same proposition to p^*'^{V' ^ T') and compute it using the image metric /^g. Finally, the 
second proposition allows to finish the proof. □ 



7 Loops, determinants and Bott periodicity 

As before, let Am be the maximal G* -algebra of the groupoid T x F; let 8m be the ^m-Hilbert module 
considered in the previous sections. Thus £m is obtained by completion of the ^c-Module C^{M x T, E)- 
Let Vm be the regular unbounded ^,„-linear operator induced by a F-equivariant family of Dirac operators. 
Let 

{£rn) {A G Bj\,^ {£m) such that A — Id G IC^m {£m) and A is invertible} 

Let r2(X/C_4^ (£„)) be the space of homotopy classes of loops in XK,ji^_^{£m) which contain the identity 
operator. Then, using the inverse of the Bott isomorphism : 17 (X/C_4^ ) ) Koi/^Arr^i^m)), the 
isomorphism (Xm^)* : Ko{ICA„,{^rn)) Ko{B'^) induced by X m : B !^ — > if^^(fm), and the inverse of the 
Morita isomorphism AAm '- Kq (Am) Ko{Bg) of Proposition |Io[ we obtain an isomorphism 

17(X/C^„(£„)) ^ Ka{]CAA£m)) Ko{B^) ^ KoiAm) 

We denote by O : il{TJC_A^{£m)) — > Ko{Am) the composition of these isomorphisms. Recall the representa- 
tions 

TT^'^s ■- 6,f, ^ W: (G; E) ; : 6,f, ^ W: (V, T- E)- 

Given a morphism a between two G*-algebras, we denote, with obvious abuse of notation, by Slot the 
induced map on homotopy classes of loops. We thus obtain maps JItt'^^s^ VLx^ -, ^t^^^\ we define 

: r!(X/C^„ (f „)) ^ ^{T1C{W: (G; E))) ; : r!(I/C^„ (£,„)) ^ 17(X/C(M^; {V, T'E))) 

with 

Recall, finally, that if ^ is a loop in IL^{W*{V,T;E)), or more generally in IK.{W*{V,T\E)), then I has 
a well defined determinant w'^{£) G C. Similarly, if £ is a loop in TL^{W*{G;E)), or more generally in 
IIC{W;{G; E)), then £ has a well defined determinant w^ie) € C. 
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Proposition 7.1. The following diagram commutes: 

e 

n{IK:{W*{V,T;E))) £ c. 

Similarly, the following diagram commutes: 

e 

■v^ 4' 'rcg,* 

n{IIC{W;{G;E))) — C. 

Proof. Recall that for a C*-algcbra A the Bott isomorphism (3 : Ko{A) Ki{SA) is given by the map 
[p] [(exp(27ritp)]; as there will be several C*-algebras involved, we denote this map by f3A- We observe 
that 

Therefore, 



On the other hand, by definition of f^Tr^^, 

Q.tt''^ o /?gE = /3K:(w;(y,:P;£;)) ° T^r; 

therefore 



where t^^ is the trace on as defined in Subsection 2.4 and with the equality Wjr o Pic{w{v,j^;E)) = t-f 
proved by direct computation. To finish the proof we simply apply Proposition 2.1(\ . □ 



Definition 7.2. We shall denote by w'^^ : Q{lICA„,{Sm)) C and w^^^ : ri(X/C^^ C the composi- 
tions w'^ o a''^^ and o (t'°^ respectively. 

We can summarize the previous Proposition by the following two equations 

<v = ° C* > <cg = ° <cg.* (24) 



Remark 7.3. Definition Li. can he extended to a path in HCA,„{£m) provided the two extreme points are 
mapped by tt^"^ o and tt^^ o into trace class and trace class perturbations of the identity 
respectively. 
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8 On the homotopy invariance of rho on foliated bundles 

Before plunging into foliated bundles and the foliated homotopy invariance of the signature rho invariant 
defined in Section^, we digress briefly and treat a general orientable measured foliation (F, We denote 
by A the holonomy invariant transverse measure. We fix a longitudinal riemannian metric on (V, and we 
denote by D'^'sn associated longitudinal signature operator. Let G be the monodromy groupoid associated 
to iy^T). Then, as already remar ked, Peric has defined in |l| a fohated eta invariant rj^ {D'^'S'^) , with D'^'S'^ 
the lift of D'^'sn ^ the monodromy covers, a G-equivariant operator on G. The work of Peric employs the 
holonomy groupoid, but is is not difficult to see that his arguments apply to the monodromy groupoid as 
well. Ramachandran, on the other hand, has defined in an eta invariant rj^i^D^^^'^) using the measurable 
groupoid defined by the foliation, as we have already observed. We infer that the definition of foliated 
rho invariant is basically present in the literature. It suffices to define p^{D^^^'^) := r]^{D^^^'^) — r]^{D^^^'^). 
Assume now that G^ is torsion-free for any x G V, then Connes has defined in a Baum-Connes map 
K^, {BG) i^*(C*gg(y, ^)) which factors through a maximal Baum-Connes map with values in the i^-theory 
of the maximal C*-algebra C^^^{V,T). Here BG is the classifying space of the monodromy groupoid, see 
psf , page 126. If (y,T) is equal to the foliated bundle V = M Xr T, then BG is given by the homotopy 
quotient ETxrT, with ET equal to the universal space for T principal bundles. The Baum-Connes conjecture 
states that the Baum-Connes map is an isomorphism. We shall make a stronger assumption here, namely 
that the maximal Baum-Connes map is an isomorphism. This is a non trivial assumption and even if it is 
known to be satisfied for instance for amenable actions, there are simple examples where it fails to be true. 
The general conjecture one would then like to make goes as follows. 

Let {V',J-') be another foliation, endowed with a holonomy invariant transverse measure A' and let / : 
(V,J-) (V',J-') be a leafwise measure preserving homotopy equivalence. 

Conjecture: If G% is torsion-free for any x d V and K^{BG) —>■ K^{C*^^^{V, J-')) is an isomorphism, 
then = p^' (D^'s" ') 

We shall now specialize to foliated bundles. Let F, T and M be as in the previous sections. Let V :~ 
M x-pT and let {V,!F) be the associated foliated bundle. We assume the existence of a F- invariant measure 
on T; let A(;/) be the associated holonomy invariant transverse measure on (V,J^). Let D = {Dl)l&v/t 
be a longitudinal Dirac-type operator. Let D = {Dg)g^T be the associated F-equivariant family of Dirac 
operators. As already remarked the eta invariant of Peric (with the monodromy groupoid replacing the 
holonomy groupoid in Peric' definition), rj^^^^D), is equal to our rj'^^^D). Similarly, the eta invariant of 
Ramachandran, rj^^^^D), is equal to our ?/down(-^)- Thus the rho invariant p^^'^\D) defined above, is 
indeed equal to our rho invariant p'^{D; V, T). Assume now that M' is the F' universal covering of a compact 
manifold M' and let T' be a compact space endowed with a continuous action of F' by homeomorphisms. We 
consider M' x T' and the fohated bundle V := M' Xp' T' . Let {V',J^') be the associated fohated space. We 
assume the existence of a F'-invariant measure v' on T' and we let A{i>') the associated transverse measure 
on {V, T'). Given a measure preserving foliated homotopy equivalence f -.V V , we can apply the general 
conjecture stated in the previous section to the invariants p^^'^^D), p^^'^ \D') with D and D' denoting now 
the signature operators. We obtain in this way a conjecture about the homotopy invariance of the signature 
rho invariant p'^{D\V,T) defined and studied in this paper; we shall deal with the general conjecture on 
foliated spaces in a different paper. In the rest of this Section, we shall tackle the homotopy invariance of 
rho for the special homotopy equivalences descending from equivariant homotopies / : M x T — > M' x T' as 
described in the previous section. 

8.1 The Baum-Connes map for the discrete groupoid T x F 

In order to tackle the homotopy invariance of our p'^{D'^^^^^;V,J-) we first need to describe in the most 
geometric way the Baum-Conncs map relevant to foliated bundles. This subsection is thus devoted to recall 
the definition of the Baum-Conncs map with coefficients in the F— C*-algebra C(T) and, more importantly, 
to give a very geometric description of it. There are indeed several definitions available in the literature, 
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with proofs of their compatibility sometime missing. The differences arc all concentrated in the domain 
and, consequently, in the definition of the application; the target is always the same, namely K^,{C{T) x^T) 
(which is nothing but K^{Ar) in our notation). Notice that if T is a point, we also have two different 
possibilities for the classical Baum-Connes map, depending on whether we consider, on the left hand side, 
the Baum-Douglas definition of K-homology or, instead, Kasparov's definition; although the compatibility 
of the two pictures has been assumed for many years, a complete proof only appeared recently, see the paper 
Q. Going back to our more general situation, we begin with the Baum-Connes- Higson definition 1^, which 
is given is terms of Kasparov KK-theory and the intersection product: 

^J^BCH ■■ Kj{ET; C{T)) ^ K,{C{T) T) (25) 



The group on the left is, by definition. 



hm KKl{Co{X),C{T)) 



with the direct limit taken over the directed system of all F-compact subset of ET . Similarly, there is a 
maximal Baum-Connes-Higson map: 

MBOT : {ET- C{T)) ^ K,{C{T) x^ T) (26) 

Next, we have the original definition of Baum and Conncs Q], with the left hand side defined in terms of 
Gysin maps: 

/isc : A-^ (T, r) ^ K,{C{T) x, T) (27) 
We are not aware of a published proof of the compatibility of these two maps. 

There is a third description of the Baum-Connes map with coefficients in C(T): consider as set of cycles the 
(isomorphism classes of) pairs (X, E X xT) where X is a spiuc proper F-manifold and i? is a F-equivariant 
vector bundle on X xT ; define the usual Baum-Douglas equivalence relation on these cycles, bordism, direct 
sum and bundle modification; we obtain a group that we denote by Kj^°{T x F) with j = dimM mod 2. 
The Baum-Connes map in this case is denoted 



: Kf°{T xT)^ Kj{C{T) F) (28) 

and is very simply described as the map that associates to [X, E ^ X xT] the index class of the F-equivariant 
family {Dg)g(zT, with Dg the spinj, Dirac operator on X twisted by E\^^^gy Also in this case we have a 
maximal version of the map: 

fi^ : Kf°{T X F) ^ Kj{C{T) x„ F) (29) 

Thanks to the Ph.D. thesis of JeflF Raven lUlwe know that the two groups Kj{ET; C{T)) and Kf°{T x F) 
are isomorphic and the two pairs of maps (^5|), ( p8|) and (^), (|^ are compatible; the proof of Raven's 
isomorphism is far from being trivial. Notice that, as in ||2^ , we can consider orientable manifolds instead of 
spiUc manifolds; thus the set of cycles for this version of Raven's group is given by pairs (X, E ^ X xT) with 
X an orientable proper riemannian F-manifold and E a F-equivariant vector bundle on X xT endowed with 
an equivariant Clifford-module structure with respect to G\{T*X). Introduce on these cycles the equivalence 
relation given by bordism, direct sum and bundle modification as in (Subsection 2.2, pages 59 and 
60). The resulting group will be isomorphic to K^°°{T x F) and the resulting Baum-Connes map will be 
compatible. In the rest of this work we look at the stability properties of our foliated rho-invariant for the 
signature operator under a bijectivity hypothesis on the map (p9|). However, in order to exhibit examples we 
do need to use the compatibility between ( p6| ) and (p9[); indeed almost all examples where the Baum-Connes 
assumption is satisfied are proved using the Baum-Connes-Higson description. 
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8.2 Homotopy invariance of V, JF) for special homotopy equivalences 

We can state the main result of this Section as follows: 

Theorem 8.1. Let V := M Xr T and V := M' Xp' T' he two foliated flat bundles, with T and F' discrete 
torsion-free groups Assume that there exists a special leafwise homotopy equivalence / : {V,J-) — > 
{V',J^') and let k : T ^ T' be the induced equivariant homeomorphism . Let v' be a V -invariant measure 
on T' ; let v :~ k*v' be the corresponding T -invariant measure on T . Assume that the Baum-Connes map 
( p8| ) for the maximal C* -algebra 

^i,, : Kf°{T X r) ^ /C(C(r) x,nax r) 

is bijective. Then 

p''(y,T) = p^'(y',T'). (30) 

Sketch of the proof. We follow the method of Keswani. see ||2^, |Q and |28|. We simply denote the 
relevant signature operators by D' = (-D^/)L'ey'/;p-', D' = {D'g)eeT, 'D'm and D = {DL)Lev/J', D = {be)eeT, 
'Dm- We shall first assume that T = T' and F = F'. Consider, with obvious notation, the trivial F-equivariant 
fibration (M'U-A/) xT as well as the foliated space {X,T^), with X := V'U{-V) and T'-' induced by 
J- and J^' . The longitudinal Grassmann bundles on V' and — V define a longitudinally smooth bundle H over 
the foliated space X. Let H be the equivariant vector bundle on (M' U —M) x T T obtained by pulling 
back the bundle H. All the constructions explained in the previous sections extend to (M' U —M) x T ^ T 
and H as well as to {X,!F'-') and H. More precisely, we treat (M' U —M) x {9} as the leaf of the product 
foliation even if it is not connected and we consider the induced lamination J-"'-'. So the leaves are not 
connected for us. Clearly, we can define the C* -algebra as the completion of the convolution algebra of 
compactly supported continuous sections over the corresponding monodromy groupoid G"^, with respect to 
the direct sum of the regular representations in L^(M', £") L^(Af , E). Note that can be identified with 
the space 

= [{M' U -M) X {M' U -M) X T]/F. 

The reader should note that is different from the G*-algebra of the monodromy groupoid of the disjoint 
union of the two foliations {V',T') and (V, JF), and that B^ is Morita equivalent to the G*-algebra Am- 
Indeed, we then have a well defined ^m-Hilbert module Hm (this is nothing but £m) as well as an 
isomorphism Xm ■ B^ — + /C^,„ (Ti-m) constructed in the same way as in the previous sections. Now, there are 
again representations 

TT-s = i7r'^^)geT : S,^ - iy;(G^;i?) , tt^ = (Tr^eeT : B^l ^ W:{X,T''; H). 

Here, the von Neumann algebras W*{G^;H) and W* {X , !F'-' ; H) are defined using ^/-essentially bounded 
families over T as in the previous sections, except that the operators act on the direct sums of the Hilbert 
spaces. Said differently, we are again simply allowing disconnceted leaves. Finally, the previous constructions 
of traces and determinants on foliations, work as well for these two von Neumann algebras. So, extending 
obviously the constructions of Section 0, using the composition operation of Hilbert modules, we can consider 
determinants 

<^ : n(J/C^„ (Hm)) ^ C , : f^(I/C^„ (7^„)) ^ C 



Following the notation of Subsection 5.2, consider the path in XK,Am^m) 

Consider w\}^„iyVe) and w^l^iWf) (one can easily show that the determinants of these paths are indeed well 



defined, see Remark 7.3). The proof proceeds along the following steps: 



*The assumption on V and F' can be replaced by the weaker assumption that the isotropy groups are torsion-free, as can be 
checked in the proof. 
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• we connect ip^iT)'^-^) © ^ to the identity using the smaU time path ST^. This step is based on 
the injectivity of the Baum-Connes map and on the homotopy invariance of the signature index class; 

• we connect i/'i/e(2'm) ® ('/'i/e(^m))~^ to the identity via the large time path LTij^. This step is based 
on the surjectivity of the Baum-Connes map, on the foliated homotopy invariance of the space of 
leafwise harmonic forms and on the homotopy invarance of the signature index class; 

• we obtain in this way a loop I in X/Cyi„^ ) , i.e. an element of f2 (X/C_4^ (7i„i ) ) ; 

• we prove that w^g^{LTii^) and w\l^{LTii^) are well defined and that 

<g(Lri/,)-.0 and w'i{LTy,)^Q as eiO (31) 

• we prove that w\^^^{ST^) and uh^^{STf) are well defined and 

«g(5T,)-u;^,(5T,))^0 as eiO (32) 

Now consider the map 8 : ri(X/C_4^ (7i,„)) —* Ki^{Am)- By the surjectivity of the Baum-Connes map one 
proves, using 8, the following fundamental equality: 

<gW-«^avW=0 (33) 

which means that 

«g(>V,) - w'i^iW,)) + «g(iri/,) - w'^^iLTy,) + «g(5re) - w'^^iST,)) = 
Taking the limit as e j 0, using (^); ( ^ ) and recalling that 

lim«g(W.) - z^a^vOVe)) = p-^'Ci?^'^"; V',T') - p^(i?^'s"; V,T) 

we end the proof in the particular case T = T' and F = F'. In the general case we know that, since we 
have assumed the special homotopy equivalence, T and T' are homeomorphic and that the two groups are 
isomorphic. Therefore, the above proof can be adapted easily. 

9 Proof of the homotopy invariance for special homotopy equiva- 
lences: details 



We shall now provide more details for the proof of Theorem 8.1; most of our work in the previous sections 



will go into the proof. We shall work under the additional assumption that T = T' and F = F'. 
9.1 Consequences of surjectivity I: equality of determinants 

The following Proposition will play a crucial role in our analysis. Recall that we have defined traces r^'^g ^ 
Koi^m) ^ C and tI^^ ^ : A'o(-4„i) C; where in our notation Am C{T) F. 

Proposition 9.1. Assume the Baum-Connes map fiy, : K^°°{T >^ F) ^ Kq{C{T) xi™ F) surjective; then 



Proof. Each K-theory class a G Kq{C{T) x„i F) is, by the surjectivity of /^x,, the index class associated to a 
F-equivariant family of Dirac-type operators on manifolds without boundary. Using formula (|2^) (which is 
a consequence of the analogue of Atiyah's index theorem on coverings and Calderon's formula), we end the 
proof. □ 
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Proposition 9.2. // the Baum-Connes map /i>^ : Kq°°{T xi F) ^ Kq(C{T) xi^ F) is surjective, then w'^^ 
and w^^g coincide on r2(X/C_4^ (£„)). 

Proof. Recall that w^^ : ri(X/C^„^ — > C and w^^^ : r2(X/C^^ — > C are defined by passing to 
the respective Von Neumann algebras and then taking the de La Harpe - Skandalis determinant there (see 
Definition 7.2): in formulae 

u av roe 

w^^ := w o a , w^.^g := w o a ^ 



Using the commutative diagram of Proposition 7.1, as summarized in formula (pj]), and the equality of traces 
on Kq given by Proposition 3.1, we immediately conclude the proof. □ 

Corollary 9.3. Let V — M Xr T and V = M' Xr T be two homotopy equivalent foliated bundles as in 
the previous subsection, i.e. through a special homotopy equivalence. Let Tim = £'m ® be the Am-Hilbert 
module associated to the disjoint union of M' x T and — (M x T). Let I be a loop in ^{IlCj^^iTLm)) ■ 
If the Baum-Connes map fXy, is surjective, then 

«^avW=<gW (34) 

If we consider, in particular, the loop £ E ri(X/C^„, (Tim)) defined in the sketch of the proof of Theorem 



B.l, then we have justified formula (B3^ 



9.2 Consequences of surjectivity II: the large time path 

Let V — M Xy T and V ~ M' Xp T be two homotopy equivalent foliated bundles as in the previous 
subsection, i.e. through a special homotopy equivalence with F = F' and T = T' . We consider the Cayley 
transforms of the regular operators 2?™ : £m £m and 2?^ : 

U (P™ - ild){V„^ + iUy^ , W := (p;„ - ild){V'„^ + iid)-i 

Let f : M xT ^ M' x T be a fiberwise smooth equivariant map inducing the special homotopy equivalence 
between (y, JF) and (V^', JF'); let 9 and g choices for the homotopy inverses of / and /, with g : Ad' xT —* AIxT 
inducing g. Following |^ (Section 3) one can construct a path of unitaries in Hm = £m(9£m, V{t), t e [0, 2], 
connecting W = V(0) to the identity Id-H,„ = V(2). The path V{t),t e [0,2] (which is denoted W(t) 

in [p9[) is obtained by defining a perturbation a{t) of the grading operator defining the signature operator; 
the definition of cr(t), which is really due to Higson and Roe, employs the pull back operator defined by the 
homotopy equivalence g (precomposed and composed respectively with an extension to £m and of the 
smoothing operators {(t>{Dg))g^Xi {4'i-D'e))eeTi 4' being a rapidly decreasing smooth function with compactly 
supported Fourier transform). We omit the actual definition of V{t) since it is somewhat lengthy and refer 
instead to (2^1, pages 968-969. 

Recall that our goal is to construct a path connecting tpii^iV'^^)) {tpi/^iV„i)))^^ , (where ipa{x) = 
— exp(i7r-^ e^" du), to the identity on Hm. 

To this end, notice that the Cayley transform of the operator Dm can be expressed as — exp(i7rx(I?m)), 
with 7rx(-T) = 2 arctan(x). Recall, from [ p9[ , that a chopping function is an odd continuous function /i : R — > 
C such that |/i(a^)| < 1 and limx^±oo fj,{x) = ±1; both x(x) := ;| arctan(a;) and (/)(a;) := du are 

chopping functions. Two chopping functions fii and fj,2 can be homotoped one to the other via the straight 
line homotopy fcg = (1 — s)^i + s/i2. Thus U' ®IA~^ , which is equal to — cxp(i7rx(I?^)) © — exp(— i7rx(I?m)), 
can be joined to 

I 2 /"^ _ 2 

— exp(i7r0(I?'^)) © — exp(— i7r0(I?m)) , (j){x) = —= I e ^ du 

Vi" Jo 

via the path JC{s) ~ exp{iTrks(T>'^)) © — cxp{—i7Tks{'Dm)). We denote by LT the concatenation of JC{s) 
and V{t); LT is a path joining — exp(z7r0(I?^)) © — exp(— Z7r0(l'm)), with (j){x) = Jo du, to the 
identity. 
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Definition 9.4. Let e > be fixed. The large time path LTi/^ is the path obtained from the above eonstruction 
but with the operators and T)'^^ replaced by ■j'D„i and ^T)'^-^ respeetively. The large time path eonneets 

^l/A'D'J) © [iJl/e{'D„^)))-^ , With Vl/.W = ■ 

to the identity. 

For later use, we notice that 




ipi/e = -exp(i7r(/)i/,) , with (/)i/e(a;) = —= I 

V Jo 



X j e 



du . (35) 



For each fixed e > LTi/^ is a path in XK,ji^^{TLm) (we recaU that this is the group consisting of the 
operators A G S^„^(7im) such that A — Id e JC^^X'^rn) and A is invertible). In order to show this property 
we first recall that at the end of Subsection 3.2, Sobolev modules £m were introduced and the compactness 

(£) (k) 

of the inclusion £m ^ £m , i > k was stated. Observe then that if x is any chopping function with the 
property that x' ^ l/x^ as |a;| oo, then, using the compactness of the inclusion of the Sobolev module 
£m^ into £m, one proves easily that — exp(i7rx(I?m) e TIC^^^iTim)- Notice now that both arctan(.T) and 
e~" du satisfy this condition; thus LTi/^ € IJCa^- 

9.3 The determinants of the large time path 

Recall the isomorphism Xm '■ ^ ^^^(^m), and the representations 

: w: (G^ ; H) ; : Bg ^ W; {X, T^'-H), with X = VU{-V') 

Proceeding as in Section^ we can use x^ and7r''°s in order to define a path <T'^'^s(LTi/g) inX/C(VF*(G"^; if)).The 
end-points of this path are t'^ trace class perturbations of the identity; thus, see Remark |7.3| , the determinant 
{a^°^{LTi/fy) is well defined and we can set 



w 



{LT,/,) :=u;''(a"S(iri/J), 



rcg 

Similarly, 

<,(LTi/.) :==i«^u(a-(LTi/.)) 

is well defined (and we recall that is the foliation induced on X = V' U{—V) by the foliations T and J-' 
on V and V). 

Proposition 9.5. As t [ Q we have 

<g(LTi/,)-^0, wl,{LTy,)—.Q (36) 

Proof. Fix e > and recall that LTi/^ is the composition of two paths: the path Vi/^, connecting 

112 
— exp(i7rx(-I'm)) © — exp(— i7rx(-I'm)) (with x{^) — — arctan(x)) to Id-^^ , 
e e TT 

and the straight line path /Ci/e, connecting 4'i/t{'D'm))®{'^i/<i{'^™)))^^ to — exp(i7rx(ipj„))©— eyip{—iTTx{\'Dm))- 
Consider cr''<=s(LTi/,) in IK.{W*{G^;H)); for the signature family P associated to M' U {~M) xT ^ T 
denote by 11 := {Ile)e^T the element in W*{G'-'; H) defined by the family of orthogonal projections onto the 
null space. Then, proceeding as in Keswani one can show that (T'^^^{LTi/f) converges strongly to the 
path 

-e(t)n + n^, te [3/2,2] ^^^^ 
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with 

, . _ f cxp(27rii) 
^ " cxp(-27rit) 

More precisely: cr'"^^{K.i/f) converges strongly to the constant path 11 + li^ , whereas cr^^^iVi/^) (is ho- 
motopic, with fixed end-points, to a path that) converges strongly to Voo(i)- Similarly, if we denote by 
n e W*{X,!F^;H), X = V' U {—V), the projection onto the null space of the longitudinal signature opera- 
tor on X, then a'^^ {LTif^) converges strongly to the path 

^ \ -e{t)U + U^ , te [3/2,2] ^•^^^ 

We can now end the proof ^ Recall the function (l)i/^{x) := ^ J^^'^ e~^^ du, see formula (]35|); consider 
the function a{x) equal to zero for x = 0, equal to 1 for x > and equal to —1 for a: < 0; let wi/^{t) = 
(1 — + ta be the straight-hne path joining ^i/c to a; consider the path 

Xi/^{t) :— ~ exp{i'KVJi/^{t){D') © — exp{~i'KVJi/^{t){I))) . 

We notice for later use that as e ^ 0, ^i/c converges pointwisc to a; using once again the spectral theorem 
for unbounded operators this means that, in the strong topology, 

(l>i/AP) — 'c,iP) as ejO (39) 

where we recall that P denotes the signature family on {M'U{—M))xT T. We go back to the path Xi/j(t), 
which is a path in W:{Gy;H) joining <j'^-H^,/,{V'J) © (Vi/.(2?™)))-i), - ^ ^y^{b')) © (V'i/,(D)))-i, ^ 
the constant path —11-1-11-'-. Consider the loop 71/e in W*{G^] H) obtained by the concatenation of Xi/^{t), 
Voo(i) and the reverse of a'^°^{LTii^)\ by the above results the loop is strongly null homotopic, thus its 
determinant is equal to zero. Summarizing: 

«;'^(a-s(LTi/,)) - w'' {Voo) + w^X,/,) 

which can be rewritten as 

<g(iri/,) = w^iVoo) + w^'iXy,) 

Computing 



0, [-1,3/2] 



^-'"-'^-1 (2„)C„'' _yn. ,e [3/2.2] 

and recalling that the von Neumann dimension of the null space of the signature operator is a foliated 
homotopy invariant, see |25), we deduce that w'^{yao{t)) = 0. Thus the first part of the Proposition will 
follow from the following result: 

w^iX^,,) — >0 as eiO. 



However, this is clear from (^9|) and the normality of the trace, given that, by direct computation, 

«^'^(^ia) = ^T'' ((/,i/,(P)-a(P) 

Essentially the same argument, using the strong convergence of a^'^ (LTi^^) to Voo (see (|3^)), shows that 
<,(LTi/,) 0. 

□ 



^Notice that the proof given by Keswani for coverings is not totally correct; the argument given here corrects the mistakes 
there. 
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9.4 Consequences of injectivity: the small time path 

So far, we have connected the t = l/e endpoint of the path 

Wc {MT^D © {MT^m)y')lzl^' in X/C^„(H™) 
to the identity using the large time path LTi/^. We also showed that 

lini« (LTi/,) - w^^iLTi/,)) = 0. 

We now wish to close up the concatenation of We and LTi to a loop based at the identity. This step will 
be achieved through the small time path STg, a path in X/C_4^^^ (7i„i) connecting the t ~ e end point of We 
to the identity. We shall want to ensure once again that 

iim«g(5r,) - <,(^r,)) - . (40) 

The existence of a path connecting (^ipei'D'm) © (V'c(2-'m))^^) to the identity is in fact not difficult and follows 
from the proof of the Hilsum-Skandalis theorem; what is more delicate is the construction of a path satisfying 
the crucial property (^). It is here that the injectivity of the Baum-Connes map is used. 

Let V = M Xr T and V' = M' Xr T be two homotopy equivalent foliated bundles as in the previous 
subsections, with M and M' orientable. We fix leafwise F-equivariant metrics on M x T and M' x T. 
We denote hy D = (De), D = {DL)Lev/J^ ^^'^ T^m respectively the F-equivariant signature family, the 
longitudinal signature operator on [V, J-) and the ^m-linear signature operator on the ^m-Hilbert module 
£m] we fix similar notations for V = M' XyT and we let as usual Tim = © ^m- We denote by A and A' 
the vertical Grassmann bundles on M x T and M' x T respectively. Consider the index classes Ind(I?m), 
Ind(I?^), two elements in Ki[Am)- By the foliated homotopy invariance of the signature index class we 
know that Ind(Pm) = Iiid(I'^). On the other hand, using the very definition of the Baum-Connes map 
we have Ind(X'm) ^iy,[M,K M x T] and Ind(P;„) = /ix,[M',A' M' x T], so that, by the assumed 
injectivity of /i>^ we infer that 

[M, A ^ M X T] = [M', A' ^ M' x T] in Kf°{T x F) . (41) 

This is the information we want to use. Before stating the main result of this subsection we give a convenient 
definition. 

Definition 9.6. We shall say that a chopping function x is controlled if 

• the derivative of x is o, Schwartz function; 

• the Fourier transform of x is supported in [— 1 , 1] 

• the functions x^ ^ 1 and xix^ ^ 1) Schwartz and their Fourier transform is supported in [—1, 1]. 



For the existence of such a function, see 




Theorem 9.7. // [M, A ^ M x T] [A/', A' M' x T] in Kf°{T x F) then there exist a T-proper manifold 
Y , a longitudinally smooth V-equivariant vector bundle L Y x T and a continuous s-path ofT-equivariant 
families on Y 

:= {Bs,e)eeT s e (0,1) 

such that 

^Notice that it is impossible to have, as required in |29[ , that x smooth and compactly supported (since, otherwise, x 
itself , which is the Fourier transform of x, would be rapidly decreasing and thus not a chopping function) 
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1. for each s G (0, 1) and 9 Cz T , (i?s,e) is a first order elliptic differential operator on Y acting on the 
sections o/i|yx{e} 

2. the Am -Hilbert bundle Cm obtained by completing {Y x T, L) contains © £,„ as an orthocomple- 
mented submodule; thus there is an orthogonal decomposition Cm = {^m ® ^m) ffl {^'m ® ^m)^ 

3. for any controlled chopping function x ihe path — exp(z7rx(Ss)) is norm continuous in the space of 
bounded operators in Cm (here, for s € (0, 1), Bs denotes the regular Am -linear operator defined by the 
family {Bs^e)e<^T); 

4- we have, in norm topology, 

lim(- exp(i7rx(;Bs))) = ldc,„ 

lim(-cxp(i7rx(6.))) = (-cxp(i7rx(X'™))®-exp(-i7rx(I?m))©Idj. 

with Idj_ denoting the identity on © £m)'^ ■ 

5. - exp(i7rx(Ss)) e IICa„, 

Proof If [a7,A M xT] = [M',A' M' x T] in Kf°{T x T), then we know that we can pass from 
(M, A M X T) to {M',A' M' x T) through a finite number of equivalences. The most dehcate one is 
bordism, so we assume directly that we have a manifold X endowed with a proper action of F, a F-equivariant 
bundle iJ on X x T, a proper F-manifold with boundary Z' and an equivariant vector bundle F' on Z' x T 
such that the boundary of Z' is equal to X and F' restricted to dZ' x T is equal to H. Consider the manifold 
with cylindrical ends, Z, obtained attaching to Z' a cylinder [0, oo) x X; consider the cylinder W = X xR; 
these are proper F manifolds if we extend the action to be trivial in the cylindrical direction; extend bundles 
to the cylindrical parts in the obvious way. The F manifold Y appearing in the statement of the Theorem 
is the disjoint union of Z, —Z and W, as in The bundle L is given in terms of H and its extension 

to the cylindrical parts. The equivariant families Bs, s G (0, 1), appearing in the statement of the Theorem 
are explicitly defined (in [28| see: the last displayed formula page 70; the last displayed formula page 72; the 
second displayed formula page 76 and the first displayed formula page 77). We shall see an example in a 
moment. The common feature of these operators is that they are Dirac-type on all of Y but look like an 
harmonic oscillator along the cylindrical ends. Since we have extended the action in a trivial way to the 
K-direction of the cylindrical ends we can decompose the Hilbert module defined on the cylinder {X xM.) xT 
as SmiX) (^c using the spectral decomposition of the harmonic oscillator we sec, as in [^Sj, that 

there is an orthogonal decomposition of Hilbert modules £m{X x M) = (£„i(X x R))' ©-'- {SmiX x R))" with 
{£m{X X K))' equal to the tensor product of £m{X) with the 1-dimensional space generated by the kernel 
of the harmonic oscillator and {£m{X x M))" equal to the tensor product of £m{X) with the orthogonal 
space to this kernel in L^(M). In particular, {£m{X x K))' ~ £m{X), so that the Hilbert module Cm 
obtained completing C^'°(F x T,H) does contain £m.{X) as an orthocomplemented submodule. Regarding 
the statements involving the continuity and limiting properties of — exp(i7rySs): we shall treat only the first 
of the four steps proving Theorem 5.1.10 in Thus Y is the cylinder X x R and 

The operator Bt restricted to {£m{X x R))' is precisely i ^n]^ "^^^ consider Bt restricted to the 



orthocomplement {£m{X x R))" and denote it Ct, so that 

Bt 



Vx 



( Vx 
\Vx 
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Wc can prove the norm- resolvent continuity of Ct (this notion extends to the C* -algebraic framework) exactly 
as in p^ ; we also obtain that f{Ct) goes to in norm as t for any rapidly decreasing function /. Using 
the fact that ~ Id is indeed rapidly decreasing we see that X^i^t) — Id goes to zero in norm as t ^ 0. A 
similar statement holds for x{Ct)ix'^{Ct) — Id). Then, writing as in 

- exp(i7rz) = /i(7r^(l - z^)) + (i7rz)g(7r^(l - z^)) 

with h and g entire, we prove that — exp{iTTx{Ct)) converges in norm to the identity on x M))", so 

that — cxp{i'Kx{Bt)) converges to (two copies of) ~ exp{iTr'Dx) ® Idj^ as i ^ 0. Of course, it is not true in 
this case that — exp(i7rx(St)) converges to the identity as t —^ I but the idea is that there will be further 
paths of operators in X/C^^ with the property that their concatenation will produce the desired path, joining 
— exp(i7r2?jf ) © Idj^ to the identity up to stabilization. For the bordism relation these paths are obtained by 
adapting to our context, as we have done above, the remaining three paths appearing in the treatment of the 



bordism relation in |28 ; see in particular the Subsections 5.1.2, 5.1.3, 5.1.4 there. Finally, let us comment 



about cycles that are equivalent through a bundle modification. Wc arc thus considering, in general, 
(X, £; X X T) - {X', E' ^ X' xT) = {X,E X xT) 

where, as explained for example in [^, X is a sphere bundle S"^" X ^ X and E is the tensor product 
of (tt X IdrYiE) and a certain bundle V built out of the Grassmann bundle of X; V is defined originally on 
X and then extended trivially on all of X x T. Consider the two T-families of Dirac-typc operators defined 
by the equivariant Clifford modules E ^ X x T and E' ^ X' x T respectively and denote them briefly by 
P = {Pg)g^T and P' = {Pg)0^T (for this argument we thus forget about the tilde). Let £m and be the 
two Hilbert modules associated to these data and let V and V' be the regular operators defined by the two 
families above. Then we want to show that there exist 

• an orthogonal decomposition of Hilbert modules ^ © 

• a continuous s-path of F-equivariant first order differential operators Rs := {Rs,e)eeT, s € [0, 2), on X 
with Rq = P' and with regular extensions TZs, s € [0, 2); 

• for any controlled chopping function x path — exp(i7rx(7?.s)) is norm continuous in the space of 
bounded operators in S^-^ 

• (- exp(^7rx(7^s))) — > (- exp(j7rx(7'))) Id_L as s ^ 2 

The existence of the s-path R^ := {Rs,e)e£T, s G [0, 2), is proved following the arguments in Subsection 
5.2: thus we write P' = P° + + Z° where for each 6 £ T, Pg is a vertical operator on the fiber bundle 
is a horizontal operator defined in terms of Pg and Zg is a 0-th order operator. Define 
Rs, for s e [0, 1] as R^ := P° + P^ + {1 - s)Z° so that Rq = P' as required. Next observe, as in [|||, 
that for each 9 £ T the vertical operator Pg has a one-dimensional kernel, when restricted to each sphere 
of the sphere bundle 5*^" X ^ X; using the orthogonal projection onto the null space of these operators 
on spheres we obtain an orthogonal decomposition = U ® with lA isomorphic to Em ■ We can now 
define Rs for s S [1,2); consider Pi and its extension to £^ which is diagonal with respect to the orthogonal 
decomposition. The restriction of TZi to U is, by definition, , given that is zero on U; using the 
isomorphism between U and can be connected to V , since they differ by the extension of a 0-th order 

operator Zi (it will suffice to consider P^ + {s— l)Zi, s S [1, 2]). For the restriction of TZi = pi -|- p" to U-^ 
we consider instead the open path P" + ^^^V^, s G [1,2); summarizing, we have defined a continuous s-path 
of regular operators TZs, s G [0,2). Using the fact that (P^)^ is strictly positive on U-^ one can prove the 
stated continuity properties, as well as the crucial fact that (— exp(i7rx(Ps))) — > (— exp(z7rx(P))) © Idj^ as 
s 2. 

Putting together the above two constructions, the one for the bordism relation and the one for the bundle 
modification relation, one can end the proof of the first four items in the statement of the Theorem. We 
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finally tackle the property that — exp{iTrx{Bs)) G X/C^,„. From the fact that x is controlled, it suffices to 
show that f{Bs) is in /C^^ if / is rapidly decreasing; let us see this property for the case of the cylinder 
considered above. With respect to the above decomposition, 

and it suffices to see that f{Ct) is compact. Write /(Cf) = {f{Ct){Cf)^) o (Cf)~'^ , where we recall that is 
positive; since / is rapidly decreasing the first operator is bounded; thus we are left with the task of proving 
that {Cf)~^ is compact. Recall that is the restriction to x M))" of {V^ ® Id2x2 + t"^^^), with 

X = . Write (C^)-^ in terms of the heat kernel, using the inverse Mellin transform: 

Observe that the heat kernel of (P^ (E) Id2x2 + t^'^X'^) decouples. Using again the invertibility of C^, the 
properties of the heat kernel of and, more importantly, of the heat kernel of the harmonic oscillator, it is 
not difficult to end the proof. 

□ 

Let X<^i^) •= x{^^)- Then, up to a harmless stabilization, the above theorem allows us to connect 
{- exp{iTrxe{'D'„^)) ® - exp{-iTrxe{'Dm)) to the identity; we denote by e IK-a^, 7i = (7i(s))se[o,i] the 
resulting path. Recall, however, that our goal is rather to connect (— exp(i7r0e(P[,J) © — exp(— i7r0e(Pm)) 
to the identity, with (t>e{x) = ^ JJ^^ e"" du. Take the linear homotopy between the two chopping functions 
X and and consider 

M{t) := t (x(el?:„) © -X(e2?rn)) + {I - t) {HeV'„,) © -^(el?™)) 

Consider the path 

7^(t) = -exp(i7rX(i)). 

Definition 9.8. The small time path ST^ is the path obtained by the concatenation of "/[ and 7|. S'T^ is a 
path in2IC_A_„^ o.'nd connects ip^(T>!^)(B{4'eiT^m))^^ = cxp(i7r0(;(I?^)) © — exp(— i7r0(;(Pm)) to the identity. 



9.5 The determinants of the small time path 



Let (X, JF), X ~ Z Xr T, be a foliated bundle as in the proof of Theorem 9.7; let L be a continuous 



longitudinally smooth vector bundle on X as in Theorem 9.7 . Let Cm be the associated Hilbert .4m- 
module. Let be the maximal C*-algebra associated to the groupoid := (Z x Z x T)/T. Recall the 
isomorphism Xm ■ K_A^{Cm), and the representations 

TT-s : ^ W: (G^; L) ; tt^ : B^ ^ W: {X, T- L) . 

Proceeding as in Section 0, we can use Xm^ and 7r''°s in order to define a path cr''°s(S'T'e) in 1IC{W*{G^; L)). 
The end-points of this path are trace class perturbations of the identity; thus, see Remark [7.3[ the 
determinant {a'^'^^ {ST()) is well defined and we can set 

<g(5T,) :=u;''(a-8(5r,)). 

Similarly, 



is well defined. The goal of this subsection is to indicate a proof of the following 
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Theorem 9.9. As e I we have 

<g(5T,)-<,(5T,)-~>0. (42) 

Proof. To simplify the notation we shall assume that the injcctivity radius of {Mg,gg) is greater or equal to 
1 for each 6 £ T; we also assume that for each 9 G T the distance between m and 7717 is greater than 1 for 
each m e Mg and for each 7 G r(0), 7 7^ e. We begin by a few preliminary remarks. Recall that ST^ is the 
concatenation of two paths: 7f and 7|. Using the fundamental Proposition 3.12| we observe that 



a'-'H-ftit)) = <T-s(-cxp(i7rx(S0) = - cxpiinxiBt)) 

and 

a^^Y,{t)) ^ a-(-exp(i^x(Bt)) = -exp(z^x(St)) 
with Bt = {{Bt)L) L^xjT the longitudinal differential operator induced by the F-equivariant family B^. (Once 



again, here and before the statement of Theorem 9.9 we are using a slight extension of the results proved 
in Section ||, allowing for manifolds with cylindrical ends and operators that are modeled like harmonic 
oscillators along the ends). Similarly, up to a harmless stabilization by Idj^ (that will in any case disappear 
after taking determinants), we can write 

^''°^(72(i)) = - expzTT (tx(eP) + (1 - t)0(eP)) , a^^(7^(t)) = - expz^ (tx(eP) + (1 - t)0(eP)) 

where P and P are the signature operators on {M' U (-A/)) x T ^ T and on {X := V U {-V),T^) 
respectively (this is the notation we had introduced in the subsection on the large time path). One can prove 
that for j = 1,2 the paths cr^^^^p g^^id (T'^^(7p are all made of trace class perturbations of the identity; 
moreover, the determinants of these two paths are well defined individually and without the regularizing 
procedure explained in Proposition ^.8| . We shall justify this claim in a moment. This property granted, we 
can break the proof of ( ^ ) into two distinct statements: 

<cg(7D-^^rv(7D-^0. (43) 

<g(72)-^^:v(72)^0. (44) 

We now tackle ( p4[ ) which is slightly easier since it involves exclusively operators on manifolds without 
boundary. 

First we observe that to each operator Pg and P^ we can apply the results of In particular, using 

the properties of x, which is of controlled type, and 4> we have: 

1. xiPe) and x{Pl), are given by 0-th order pseudodiffcrcntial operators with Schwartz kernel localized in 
an uniform /^-neighbourhood of the diagonal (remember that the Fourier transform of x is compactly 
supported); we shall assume without loss of generality that i? = 1; 

2. (j){Pg) and (t>{PL) are each one the sum of a 0-th order pseudodiffcrcntial operators with Schwartz kernel 
localized in an uniform R = 1-ncighbourhood of the diagonal and of an integral operator with smooth 
kernel; 

3. if X denotes the linear chopping function equal to sign{x) for |a::| > 1 and equal to x for |x| < 1 then 
(x(-Pfl) — x{PB))e<^T and (</>(i^) — x{Pe))e£T are trace class elements given by longitudinally smooth 
kernels (indeed, the differences x~ X and (j) — x are rapidly decreasing); 

4. similarly, {x{Pl) - x{PL))Lex/j^" and {(jiiPL) - x{Pl))l(^x/j^" are r^u trace class elements given by 
longitudinally smooth kernels; 

5. consequently, {x{Po) — 4'{Pe))e£T and {x{Pl) — 4'{Pl)) Lex / are both trace class elements given by 
longitudinally smooth kernels; indeed it suffices to write {xiPe) — 4'{Pe))eeT = [[xiPe) ^ x{Pe))0eT + 
{x{Pg) - 4>{Pg))geT 
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Notice that these properties imply easily the claim we have made about the determinants of <t''°s('^|) and 
(t'^^(7|). We go back to our goal, i.e. proving (p4[). We observe that since 7I is defined in terms of a linear 
homotopy, we have, by direct computation. 



t'^ (x(eP) - </>(eP)) = r"^ ((x(eF) - (</>(eP).) - (0(eP) - (.^(eP)e) 



Write 

with (0(eP))e a compression of (/)(eP) to a F-equivariant e-neighbourhood of {{m,m,6),m £ M,9 E T} in 
M X M xT. Both (x(eP) - ('/)(eP))f) and (^^(eP) - (^^(eP))^) are individually trace class: indeed the 
first term is the e-compression of a longitudinally smooth kernel (since x{eP) is already e- local) and it is 
therefore t'^ trace class; the second term can be written as the sum {4>{eP) — x(eP)) + (x(eP) ~ {4>{^P))e) 
and both terms are trace class; thus 

r"^ (x(eP) - <^(eP)) = r"^ ((x(eP) - (</>(eP)).) - r'^ (,/>(eP) - (</>(eP)).) 

A similar expression can be written for r^u ixi^P) ~ 4'i^P))- Consider now the difference Wrcg(72) ~ '^a.vi'12) 
which is the sum 

r'^ixieP) - 0(eP)).) - r^u (x(eP) - 0(eP)).)) + (r''(0(eP) - 0(eP))e) - r^u (<^(eP) - ^(eP)),)) . (45) 

As already remarked the two differences xi^P) ~ {4>{^P))t a-nd xi^P) ~ {4>{^P))e- ^'^^ given by longitudinally 
smooth kernel which are supported in an e-neighbourhood of the diagonal. Proceeding as in the proof of 
Proposition 4.4 we shall now prove that T''(x(eP) — (/)(eP)e) — r^u (x(eP) — 4>{^P)e) is in fact equal to zero for 
e small enough. Indeed, consider the P-equivariant family x{^P)', we know that x(eP) € ^[KC, E). Similarly, 
consider (j>{eP)e e '^'1{G,E). We know that x(eP) - (0(eP))e € *~°°(G, S) and that this operator extends 
to an element g A;^^„(W)ri)- Observe now that 

(K,^) Id = X(e^e) - W^Pe))e , (Px,^) M - x(ePL) - (0(ePL)). with L = Le 



Using Theorem 3.19 we thus can write 

r'^ixieP) - 0(6P))e) - r^u(x(eP) - 0(eP))e) = r}',,{Vl^) - C(P^,^) 

where we have omitted the isomorphism Xm^ ■ ^^m(Wm) ^ B^^. Taking e small enough and proceeding 
precisely as in the proof of Proposition 4.4 we see that the right hand side is equal to zero for e small enough 
(it is in this last step that we use the fact that P^ ^ is given by an e- localized smoothing kernel). Finally, 
the terms in the second summand of ( ^ ) are individually zero since they are trace class elements given by 
longitudinally smooth kernels which restrict to zero on the diagonal. Summarizing: wJ'og(72) ~ "^^£^(72) ~ 
for e small enough. 

We are left with the task of proving that 7^ has well defined determinants and that 

lim<g(7D-i«rv(7D = 0. (46) 
To this end we begin by writing explicitly the left hand side: 

<eg(7D = i/^'' (^(-exp(-z^x(eS0))^(-exp(z7rx(eP0))) dt (47) 
<v(7D = ^ /'^^ ('(-exp(-z7rx(eP0))^(-cxp(*7rx(ePt)))) dt (48) 
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provided the right hand sides make sense. To see why the last statement is true, we begin by making a general 
comment on the traces we are using. Remember that the two paths of operators Bs and Bg, s € (0, 1), are 
defined on foliated bundles that might have as leaves manifolds with cylindrical ends. We define the two 
relevant von Neumann algebras in the obvious way and we define the two traces t'^ and as we did in 



Subsection 2.4. Needless to say, an arbitrary smoothing operator will not be trace class on such a foliation, 



since its Schwartz kernel might not be integrable in the cylindrical direction. (This is the typical situation 

A 

dt 



for the heat kernel associated to a Dirac operator which restrict to a R+-invariant operator -4 + Dq along 



the cylindrical ends.) We now write 

exp(i7rz) = /i(7r^(l - z^)) + (i7rz).g(7r^(l - 2^)) 

with h and g entire. Recall that x is of controlled type; we shall now see that this implies that 1 — x^{Bt) is 
t'^ trace class and 1 — x^{Bt) is trace class; moreover these operators are given by longitudinally smooth 
kernels that are supported within a uniform (i? = l)-neighbourhood of the diagonal. These statements are 
clear when (M, K ^ M x T) ^ {AI' , A' M' x T) through a bundle modification or a direct sum of vector 



bundles (indeed, from our discussion of the bundle modification relation in the proof of Theorem 9.7, it is 
clear that in this case we remain within the category of foliations of compact manifolds without boundary and 
it suflaces to apply Q for the latter property and (22| for the first). If {M, A M x T) - [M', A' M' x T) 
through a bordism, then we use the fact that Bg_t and {Bt)L are again of bounded propagation speed (this 
is needed in order to make claims about their Schwartz kernel) and restrict to harmonic oscillators along the 
cylinders of the relevant manifolds with cylindrical ends (this is needed in order to make claims about the 
trace class property). For the trace class property we also make use of the results in proceeding as in 
p8| but using singular numbers instead on eigenvalues. 

Using exp(i7rz) = ft,(7r^(l — z^)) + {iTTz)g{'K'^{l — z^)) we can then conclude, as in Lemma 4.1.7, that 
a'-s(7j(t)) = - exp(j7rx(eB0) and ^^(7^ (t)) = - exp(z7rx(ei?t)) , 1] 

are piecewise continuosly differentiable in the norm and that they both have a well defined determinant, 
as we had claimed (notice that in the proof of Lemma 4.1.7 in ||2^ only the controlled property of x is used). 
Having justified ( ^ ) and (|4^), we next make the following 
Claim: there exists polynomials pi,P2 such that, uniformly in s ^ [0, 1], 

||X(4) - x{eBMi < Pli]) , MBs) x(eS.)lli < P2(i) (49) 

Assume the Claim; then using the inequality 

psili < AeL\M,T)nM, BeM 

which is valid in any Von Neumann algebra M endowed with a faithful normal trace t, one can show, 
proceeding exactly as in Lemma 4.2.8 of [ p9[ , that there exist polynomials qi and q2 such that, uniformly in 

se[o,i], 

||x'(eB,)-Id||i <gi(i), ||x'(eS,)-Id||i <g2(^) (50) 
We first end the proof of ( p6[ ) using (|50|). 

For any entire function f{z) ~ X)^o ^nz"' we define [/{z)]^ :— X)^=o ^nz" ■ Consider the entire function h 
in the decomposition exp(i7rz) = /i(7r^(l — z'^)) + (i7rz)g(7r^(l — z^)). Proceeding as in Lemma 4.2.6 in |29] 



we show using the first inequality in (|5C|) that for each a > there exists an e > and an integer such 
that 

. \\h{n^{ld-x^{eB,))-[h{n^{ld-xH^BMNj\i<a 
• [/i(7r^(Id — x'^{£Bs))]n^ is of propagation less than 1 
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Remark here that is in fact fixed by e and. with our conventions, can be set to be equal to the integral part 
of 1/e. Thus the left hand side of the above inequality can be thought of as a positive function of e, converging 
to when e | 0. A similar statement can be made for the derivative of h{eBs) with respect to s. Applying the 
same reasoning to the second summand in the decomposition exp(i7rz) = /i(7r^(l — z^)) + {iiTz)g{'K'^{l — z^)) 
we conclude as in Lemma 4.2.10, that for each a > there exists an e > and an integer N^^ such that 

\j^T'^ ((-exp(-z^x(eSO))^(-exp(*^x(e^t)))) dt - (51) 

f^T- (([-cxp(-i7rx(eB0)]ivJ^(hcxp(z^x(eS0)]wj) dt\ < a (52) 

Similarly, using the second inequality in the Claim and the second inequality in (pO[), we can prove that for 
each a > there exists a. 5 > and an integer Ng such that 

I T- ((- exp(-j7rx(5i?t)))s(- exp(z^x('5St)))) dt - (53) 
J^r!^{{[-exp{~tnxm))]Ns)i{[-eM^^x{SBt))U,))dt\ < a (54) 

Since the left hand sides of the inequalities (^), ( ^ ) can be thought of as positive functions of e and 6 
converging to as e | and (5 | 0, it is clear that we can ensure the existence of a common value, say rj 
and Njj, for which both inequalities are satisfied. Consider again the difference |''i'reg(7i) — w;av(7i)l that we 
rewrite as {A^ + + Ce\ with 

1 / d 







<c^ll - / (hcxp(-i7rx(eB0)]ArJ-([-exp(i^x(eSt))]ivJ ) dt 



Be := ^V"^ (^([-exp(-z^x(eS0)]jvJ^([-exp(*7rx(eB,))]jvj)di 



r. 







([-exp(-i7rx(eBt))]ArJ^([-exp(i7rx(eSt))]ArJ ) dt 



l^rl^ (^{[-exp{~^7^x{eB^))UJJ^{[~exp{^7Tx{eBt))U.)^ dt ~ w:,^l 



Obviously {A^ + B^ + C^l < \Ae\ + \Be\ + \Ce\. We know that for each a > there exists a common e such 
that \Ae\ < a and |Ce| < a; on the other hand, using the fact that [— cxp{iTrx{eBt))]N^ is of propagation 



equal to 1, we can prove, proceeding as in Proposition 4.4, that there exists e such that _Be = 0. Thus we 
have proved (^) modulo the Claim. 

We shall prove the Claim for the particular case of the cylinder; let us prove, for example, the first inequality. 
Consider 

Observe that the left hand side of the first inequality in the Claim is nothing but the last term in inequality 
(4.3) in [Q. Proceed now exactly as in the part of the proof of Lemma 4.7 in |^ that begins with the 
inequality (4.3). It is not difficult to realize that the proof given there, i.e. the proof of the first inequality 
in the Claim, can be easily adapted to our Von Neumann context using singular numbers and the results of 
Pack and Kosaki. More precisely, the operator Bf can be diagonalized with respect to the eigenfunctions of 
the operator X^, with 

y-dx -X) 

The functional calculus of B\ is then reuced to the functional calculus of the operator 

D-^jK, with 
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and where Afc is an eigenvalue of X'^ as in . Now the L^-norm \\x{Bs) — x(ei?s)||i is given by the sum 
over k of i^-norms in corresponding von Neumann algebras of the operator (x ~ Xe)(^' + ^k)- By | |2^ , this 
L^-norm is expressed in terms of the singular numbers ^'^{D' + Xk) = ^^{D') + Xk- This reduees the estimate 
to the similar estimate of the singular numbers of D' exactly as in j2^. This latter being a leafwise elliptic 
second order differential operator, we can use the estimate ^s{D') ^ s'^/p where p is the dimension of the 
leaves, see for instance Hence the proof of the first inequality of the claim is completed following the 
steps of p^ . The proof of the second inequality in the Claim is similar. Thus we have proved the Claim and 
thus ( ^ ) in the ease of cylinders. For manifolds with cylindrical ends we split the relevant statements into 
purely cylindrical ones and statements on compact foliated bundles, as in |2q]. We end here our explanation 



of the proof of (^6|). The proof of Theorem is now complete. 

□ 
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